
RECTIFIABILITY OF THE SINGULAR SET AND UNIQUENESS OF

TANGENT CONES FOR SEMICALIBRATED CURRENTS

PAUL MINTER, DAVIDE PARISE, ANNA SKOROBOGATOVA, AND LUCA SPOLAOR

Abstract. We prove that the singular set of an m-dimensional integral current T in Rn+m,
semicalibrated by a C2,κ0 m-form ω is countably (m− 2)-rectifiable. Furthermore, we show
that there is a unique tangent cone at Hm−2-a.e. point in the interior singular set of T . Our
proof adapts techniques that were recently developed in [DLS23a, DLS23b, DLMS23] for
area-minimizing currents to this setting.
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1. Introduction

In this article, we study the structure of interior singularities of semicalibrated integral
currents in Rm+n. Let us recall the basic definitions.

Definition 1.1. Let m,n ≥ 2 be positive integers. A semicalibration in Rm+n is a C1-regular
m-form such that ∥ω∥c ≤ 1, where ∥ · ∥c denotes the comass norm on Λm(Rm+n). An m-
dimensional integral current T in Rm+n (denoted T ∈ Im(Rm+n)) is semicalibrated by ω if

ω(T⃗ ) = 1 at ∥T∥-a.e. point, where T⃗ = dT
d∥T∥ denotes the polar of the canonical vector measure

associated to T (also denoted by T , abusing notation) and ∥T∥ denotes the canonical mass
measure associated to T .

Note that we may assume that the ambient space is Euclidean, equipped with the Euclidean
metric, in place of a sufficiently regular Riemannian manifold (as is often assumed when studying
the regularity properties of area-minimizing currents). Indeed, this is because the presence of
an ambient submanifold of Rm+n in which T is supported may be instead incorporated into
the semicalibration; see [DLSS17b, Lemma 1.1].

We say that p ∈ spt(T ) \ spt(∂T ) is an interior regular point if there exists a neighborhood
of p in which T is, up to multiplicity, a smooth embedded submanifold of Rm+n. We denote
the interior regular set by Reg(T ), and we refer to its complement in spt(T ) \ spt(∂T ) (which
is a relatively closed set) as the interior singular set, denoted by Sing(T ).

The regularity of area-minimizing currents and more specifically calibrated currents (where
the semicalibrating m-form ω is closed) has been studied extensively [Alm00, DLS11, DLS16a,
DLS16b]. Semicalibrated currents form a natural class of almost area-minimizing currents for
which the underlying differential constraint has more flexibility with respect to deformations
than that for calibrated currents. Typical examples of these objects are given by almost
complex cycles in almost complex manifolds. Semicalibrated currents exhibit much stronger
regularity properties than general almost-minimizing currents (see [GS23]), and have thus far
been shown to share the same interior regularity as area-minimizing integral currents. Indeed,
in the series of works [DLSS18, DLSS17a, DLSS20] by De Lellis, Spadaro and the fourth author,
it was shown that interior singularities of two dimensional semicalibrated currents are isolated,
much like those of two dimensional area-minimizing integral currents. It was further shown by
the fourth author in [Spo19] that the interior singular set of an m-dimensional semicalibrated
current has Hausdorff dimension at most m− 2, which is consistent with Almgren’s celebrated
dimension estimate on the interior singular set of area-minimizing integral currents. In the case
of special Legendrian cycles, i.e. when the ambient space is S5 ⊂ C3 and the semicalibration ω
has a specific form inherited from the complex structure, it was already shown by Bellettini
and Rivière that the singular set consisted only of isolated singularities [BR12]. To the best
of the authors’ knowledge, the first instance of the word semicalibrated appears in the work
[PR10] by Pumberger and Rivière. There the authors prove uniqueness of tangent cones for
semicalibrated integral 2-cycles using slicing techniques. These ideas were later generalized in
[CR23] by Caniato and Rivière to the case of pseudo-holomorphic cycles. Furthermore, we
mention work of Tian and Rivière [RT09] showing uniqueness of tangent cones for positive
integral (1, 1)-cycles in arbitrary almost Kähler manifolds and that the singular set consists of
isolated points. Finally, in [Bel14] Bellettini proved uniqueness of tangent cone for positive
integral (p, p)-cycles in arbitrary almost complex manifolds.

The aim of this article is to further improve on these and establish a structural result for
the interior singular set of semicalibrated currents, analogous to that obtained in the works
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[DLS23a, DLS23b, DLMS23, KW23b, KW23a, KW]. More precisely, our main result is the
following.

Theorem 1.2. Let T be an m-dimensional integral current in Rm+n, semicalibrated by a C2,κ0

m-form ω for some κ0 ∈ (0, 1). Then Sing(T ) is countably (m− 2)-rectifiable and there is a
unique tangent cone to T at Hm−2-a.e. point in Sing(T ).

This result is interesting both from a geometric and an analytic point of view. On the
geometric side, calibrated submanifolds have been central objects of study in several areas of
differential geometry and mathematical physics since the seminal work of Harvey and Lawson
[HL82] (we refer the reader to [Mor16, 6.1] for a brief history of calibrations). Two primary
examples are holomorphic subvarieties and special Lagrangians in Calabi-Yau manifolds,
which play an important role in string theory (especially regarding mirror symmetry, cf.
[Joy07, SYZ96]), but they also emerge naturally in gauge theory (see [Tia00]). Semicalibrations
are a natural generalization of calibrations, removing the condition dω = 0 on the calibrating
form which is rather rigid and in particular very unstable under deformations. In fact
semicalibrations were considered already in [Tia00] (cf. Section 6 therein) and around the same
time they became rather popular in string theory when several authors directed their attention
to non-Calabi-Yau manifolds (the subject is nowadays known as “flux compactification”,
cf. [Gra06]): in that context the natural notion to consider is indeed a special class of
semicalibrating forms (see for instance the works [GPT99, Gut01], where these are called
quasi calibrations). The fine structure of the singular set in the 2-dimensional case has found
applications to the Castelnuovo’s bound and the Gopakumar–Vafa finiteness conjecture in the
recent works [DW21, DIW21].

From an analytic point of view, it exhibits a striking difference with the setting of area-
minimizing currents regarding notions of frequency function. In the work [KW23b], Krummel
and Wickramasekera introduced an intrinsic version of Almgren’s frequency function for
an area-minimizing current, known as planar frequency. Under suitable decay hypotheses,
they were able to show that the planar frequency in the area-minimizing setting is almost
monotone, which then played a pivotal role in their analysis of interior singularities. However,
in the semicalibrated setting one does not expect almost monotonicity of the planar frequency
function under the same hypotheses as in [KW23b], and indeed in Part 4 we provide a simple
counterexample demonstrating this. Intuitively, the reason for this is that the semicalibration
condition is more flexible. In particular, the graph of any C1,α single-valued function is a
semicalibrated current (although with a semicalibrating form less regular than the one in
Definition 1.1) and, at such a level of generality, these currents are not expected to exhibit
unique continuation properties, and consequently an almost monotone planar frequency function.
We have been unable to adapt the approach of Krummel and Wickramasekera to the present
setting, which is ultimately why we follow the ideas in [DLS23a, DLS23b, DLMS23]. Whether
or not one can prove Theorem 1.2 utilizing the ideas in [KW23b], and in particular finding a
suitable semicalibrated ‘planar frequency’, is an interesting question.

Finally we remark that Theorem 1.2 is optimal in light of recent work of Liu [Liu21].

1.1. Structure of the article and comparison to [DLS23a, DLS23b, DLMS23]. In Part
1, we recall the singularity degree as introduced in [DLS23a], and verify that its properties
remain valid in the semicalibrated setting. Part 2 is then dedicated to treating flat singular
points of singularity degree strictly larger than 1, for which we may exploit the rectifiable
Reifenberg methods of Naber & Valtorta, similarly to [DLS23b]. In Part 3, we then treat
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points of singularity degree 1 and the lower strata (the latter just for the uniqueness of tangent
cones), following [DLMS23]. Finally, in Part 4 we present the example that demonstrates the
failure of almost-monotonicity for the intrinsic planar frequency as introduced in [KW23b],
and draw some comparisons with the area-minimizing setting of [KW23b, KW23a].

Although throughout this article we mostly follow the methods of the works [DLS23a,
DLS23b, DLMS23] of the first and third authors with Camillo De Lellis, there are a number of
important differences:

• Due to the presence of the semicalibration, the corresponding error term in the first
variation of T must be taken into account for all variational estimates. In particular,
this creates an additional term in Almgren’s frequency function in this setting (see
Section 2.1), which must be taken care of when establishing the BV estimate Theorem
3.8. The existence of such variational errors was already taken into consideration in the
works [DLSS18, DLSS17a, DLSS20, Spo19].

• When taking coarse blow-ups (see Section 4), we observe that we may assume that the
term ∥dω∥2C0r

2−2δ3 is infinitesimal relative to the tilt excess E(T,Br) for δ3 ∈ (0, δ2);
note that this subquadratic scaling is stronger than having the same assumption with
the natural quadratic scaling of ∥dω∥2C0 . The latter would be the analogue of the
corresponding assumption in [DLS23a], but we require this stronger assumption for
Part 3 (see Case 2 in the proof of Lemma 13.10), and we verify that it indeed holds.

• We modify the original construction in [DLS23b] of the intervals of flattening adapted
to a given geometric sequence of radii in Part 2, instead providing one that avoids
requiring the separate treatment of the case of a single center manifold and infinitely
many. This modified procedure will further be useful in the forthcoming work [CS].

• When T is merely semicalibrated, extra care needs to be taken when applying the
harmonic approximation. Indeed, note that in order to apply [DLSS18, Theorem 3.1], we

require the stronger hypothesis ∥dω∥2C0 ≤ ε23E(T,C1) in place of A2 ≤ E(T,C1)
1/2+2δ

in the area-minimizing case (this difference was already present in [Spo19]). In
particular, this affects the two regimes in the case analysis within the proof of Lemma
13.10. In order to maintain the validity of Case 1 therein, we must require that
∥dω∥2C0 ≤ ε23E(T,C1), in place of A3 ≤ E(T,C1). This in turn affects the treatment
of Case 2 therein; see the second bullet point above.

• In order to obtain quadratic errors in ∥dω∥C0 in all estimates exploiting the first
variation of T in Part 3, we must employ an analogous absorption trick to that pointed
out in [Spo19, Remark 1.10] for area-minimizing currents. This makes arguments in
Section 16 more delicate.
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by the National Science Foundation (Grant No. DMS-1928930). L.S. acknowledges the support
of the NSF Career Grant DMS 2044954. We would like to thank Frank Morgan, and Tristan
Rivière for pointing out relevant references.
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2. Preliminaries and notation

Let us first introduce some basic notation. C,C0, C1, . . . will denote constants which depend
only on m,n,Q, unless otherwise specified. For x ∈ spt(T ), the currents Tx,r will denote the

rescalings (ιx,r)♯T , where ιx,r(y) :=
y−x
r and ♯ denotes the pushforward. We will typically

denote (oriented) m-dimensional subspaces of Rm+n (often simply referred to as planes) by
π,ϖ. For x ∈ spt(T ), Br(x) denotes the open (m+ n)-dimensional Euclidean ball of radius r
centered at p in Rm+n, while for an m-dimensional plane π ⊂ Rm+n passing through x, Br(x, π)
denotes the open m-dimensional disk Br(x) ∩ π. Cr(x, π) denotes the (m+ n)-dimensional
cylinder Br(x, π)× π⊥ of radius r centered at x. We let pπ : Rm+n → π denote the orthogonal
projection onto π, while p⊥

π denotes the orthogonal projection onto π⊥. The plane π is omitted
if clear from the context; if the center x is omitted, then it is assumed to be the origin. ωm

denotes the m-dimensional Hausdorff measure of the m-dimensional unit disk B1(π). The
Hausdorff distance between two subsets A and B of Rm+n will be denoted by dist(A,B).
Θ(T, x) denotes the m-dimensional Hausdorff density of T at x ∈ spt(T ). For Q ∈ N, AQ(Rn)
denotes the metric space of Q-tuples of vectors in Rn, equipped with the L2-Wasserstein

distance G (see e.g. [DLS11]). Given a map f =
∑Q

i=1JfiK taking values in AQ(Rn), we use

the notation η ◦ f to denote the Rn-valued function 1
Q

∑Q
i=1 fi.

As for area-minimizing currents, we primarily focus our attention on the flat singular points
of T , namely, those at which there exists a flat tangent cone QJπ0K for some m-dimensional
(oriented) plane π0. By localizing around a singular point and rescaling, we may without loss
of generality work under the following underlying assumption throughout.

Assumption 2.1. m ≥ 3, n ≥ 2 are integers. T is an m-dimensional integral current in
B7

√
m with ∂T B7

√
m = 0. There exists a C2,κ0 semicalibration ω on Rm+n such that T is

semicalibrated by ω in B7
√
m, with

(2.1) ∥dω∥C1,κ0 (B7
√

m) ≤ ε̄,

where ε̄ ≤ 1 is a small positive constant which will be specified later.

Recall that if T satisfies Assumption 2.1, then in particular T is Ω-minimial as in [DLSS18,
Definition 1.1] for some Ω > 0, namely

(2.2) M(T ) ≤ M(T + ∂S) + ΩM(S),

for every S ∈ Im+1(Rm+n) with compact support, and in particular one can take Ω = ∥dω∥C0 .
In addition, if T satisfies Assumption 2.1 then we have the first variation identity

(2.3) δT (X) = T (dω X),

where X ∈ C∞
c (Rm+n \ spt(∂T );Rm+n), and where δT denotes the first variation of T :

δT (X) =

∫
divT⃗ (q)X(q) d∥T∥(q) ,(2.4)

where T⃗ (q) is the oriented (approximate) tangent plane to T at q.
Recall that the tilt excess E(T,Cr(x, π), ϖ) relative to an m-dimensional plane ϖ in a

cylinder Cr(x, π) is defined by

E(T,Cr(x, π), ϖ) :=
1

2ωmrm

∫
Cr(x,π)

|T⃗ − ϖ⃗|2d∥T∥.
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The (optimal) tilt excess in Cr(x, π) is in turn defined by

E(T,Cr(x, π)) := inf
m-planes ϖ

E(T,Cr(x, π), ϖ).

The quantities E(T,Br(x), ϖ) and E(T,Br(x)) are defined analogously.

2.1. Intervals of flattening and compactness procedure. As in [DLS16b, Spo19], we
introduce a countable collection of disjoint intervals of radii (sj , tj ] ⊂ (0, 1], for j ∈ N∪ {0} and
t0 = 1, referred to as intervals of flattening, such that for ε3 > 0 fixed as in [Spo19] we have

E(T,B6
√
mr) ≤ ε23, E(T0,tj ,Br) ≤ Cm0,jr

2−2δ2 ∀r ∈
(
sj
tj
, 3
]
,

where

(2.5) m0,j := max{E(T,B6
√
mtj ), ε̄

2t2−2δ2
j },

and δ2 is fixed as in [Spo19]. Observe that this definition of m0,j comes from the observation
that if T is ∥dω∥C0-minimal in B7

√
m, then T0,tj is tj∥dω∥C0-minimal in B7

√
m, together with

(2.1), the estimates in [DLSS18, Theorem 1.4] and the observation that

(2.6) ∥ι0,tj (dω)∥C0(B6
√

m) = ∥dω ◦ ι0,tj∥C0(B6
√
m) = ∥dω∥C0(B6

√
mtj

) ≤ C∥dω∥C0(B6
√

m)t
2
j .

We will therefore henceforth work under the following assumption, allowing us to indeed
iteratively produce the above sequence of intervals.

Assumption 2.2. T and ω are as in Assumption 2.1. The origin is a flat singular point of T
and Θ(T, 0) = Q ∈ N≥2. The parameter ε̄ is chosen small enough to ensure that m0,0 ≤ ε23.

Following the procedure in [Spo19, Section 6.2] (see also [DLS16b, Section 2]) with this
amended choice of m0,j , we use the center manifold construction in [Spo19, Part I, Section 2] to
produce a sequence Mj of center manifolds for the rescalings T0,tj with corresponding normal

approximations Nj : Mj → AQ(TM⊥
j ), whose multigraphs agree with T0,tj in B3 \Bsj/tj over

an appropriately large proportion of Mj ∩ (B3 \Bsj/tj ). By a rotation of coordinates, we may
assume that the m-dimensional planes πj over which we parameterize Mj are identically equal
to the same fixed plane π0 ≡ Rm × {0} ⊂ Rm+n. We refer the reader to [Spo19, Proposition
6.5] or [DLS16b, Proposition 2.2] for the basic properties of the intervals of flattening. Given a
center manifold M and a point x ∈ M, we will let Br(x) denote the geodesic ball Br(x) ∩M
of radius r in M. It will always be clear from context which particular center manifold we are
using for such a ball.

Given a flat singular point of T with density Q ∈ N (denoted by x ∈ FQ(T )), we will use the
terminology blow-up sequence of radii around x to refer to a sequence of scales rk ↓ 0 such

that Tx,rk B6
√
m

∗
⇀ QJπK for some m-dimensional plane π. If x = 0, we will simply call this

a blow-up sequence of radii, with no reference to the center. Observe that for any blow-up
sequence of radii rk, for each k sufficiently large there exists a unique choice of index j(k) such
that rk ∈ (sj(k), tj(k)].

Under the validity of Assumption 2.2, given a blow-up sequence of radii rk, we will henceforth
adopt the notation

• Tk for the rescaled currents T0,tj(k) B6
√
m;

• Mk and Nk rescpectively for the center manifolds Mj(k) and the normal approximations
Nj(k);
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• φk for the map parameterizing the center manifold Mk over B3(π0) (see [Spo19,
Theorem 2.13]);

• p for the orthogonal projection map to M (see [DLS16a, Assumption 2.1]).

In addition, let s = s̄k
tj(k)

∈
(

3rk
tj(k)

, 3rk
tj(k)

]
be the scale at which the reverse Sobolev inequality

[Spo19, Corollary 7.9] (see also [DLS16b, Corollary 5.3]) holds for r = rk
tj(k)

. Then let

r̄k = 2s̄k
3tj(k)

∈
(

rk
tj(k)

, 2rk
tj(k)

]
, and in turn define the corresponding additionally rescaled objects

T̄k = (Tk)0,r̄k = (ι0,r̄ktj(k))♯T B6
√
mr̄−1

k
, M̄k = ι0,r̄k(Mk),

together with the maps Φk(x) := (x,φk(r̄kx)) parameterizing the graphs of the rescaled center
manifolds and the rescaled normal approximations N̄k : M̄k → Rm+n defined by

(2.7) N̄k(x) :=
Nk(r̄kx)

r̄k
.

Consequently we let uk : B3 ≡ B3(π0) → AQ(Rm+n) be defined by

uk :=
N̄k ◦ ek

∥N̄k∥L2(B3/2)

,

where ek denotes the exponential map from B3 ⊂ π0 ∼= Tr̄−1
k Φk(0)

M̄k to M̄k. In light of the

reverse Sobolev inequality [Spo19, Corollary 7.9] implies that the sequence uk is uniformly
bounded in W 1,2(B3/2). Then, by [Spo19, Theorem 8.2] (see also [DLS16b, Theorem 6.2]), up

to extracting a subsequence, there exists a Dir-minimizer u ∈ W 1,2(B3/2(π0);AQ(π
⊥
0 )) such

that

• η ◦ u = 0;
• ∥u∥L2(B3/2)

= 1;

• uk → u strongly in L2 ∩W 1,2
loc (B3/2).

Recall that for Dir-minimizers u : Ω ⊂ Rm → AQ(Rm) on an open domain Ω, we may
consider a regularized variant of Almgren’s frequency function, defined by

Iu(x, r) :=
rDu(x, r)

Hu(x, r)
, r ∈ (0, dist(x, ∂Ω))

where

Hu(x, r) = −
∫

|u(y)|2

|y − x|
ϕ′
(
|y − x|

r

)
dy, Du(x, r) =

∫
|Du(y)|2ϕ

(
|y − x|

r

)
dy,

and ϕ : [0,∞) → [0, 1] is a monotone Lipschitz function that vanishes for all t sufficiently large
and is identically equal to 1 for all t sufficiently small. Similarly to the classical frequency,
which formally corresponds to taking ϕ = 1[0,1], r 7→ Iu(x, r) is monotone non-decreasing for
each x ∈ Ω, and takes a constant value α if and only if u is radially α-homogeneous about x
(see e.g. [DLS11, Section 3.5]). In particular, the limit

Iu(x, 0) := lim
r↓0

Iu(x, r)
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exists and in fact is independent of the choice of ϕ. We will henceforth fix the following
convenient choice of ϕ:

(2.8) ϕ(t) =

 1 for 0 ≤ t ≤ 1
2 ,

2− 2t for 1
2 ≤ t ≤ 1,

0 otherwise .

When x = 0, we omit the dependency on x for I, H and D.
Now let us define the natural regularized frequency associated to the graphical approximations

for a semicalibrated current T satisfying Assumption 2.2. Given a center manifold M ≡ Mj

and a corresponding normal approximation N : M → AQ(Rm+n), we define the regularized
frequency IN of N at a given center x ∈ M and scale r > 0 by

IN (x, r) :=
rΓN (x, r)

HN (x, r)
,

where ΓN (x, r) = DN (x, r) + LN (x, r) with

HN (x, r) := −
∫
M

|N(y)|2

d(y, x)
|∇yd(y, x)|2ϕ′

(
d(y, x)

r

)
dHm(y),

DN (x, r) =

∫
|DN(y)|2ϕ

(
d(y, x)

r

)
dHm(y),

LN (x, r) =

Q∑
i=1

m∑
l=1

(−1)l+1

∫
⟨DξlNi(y) ∧ ξ̂l(y) ∧Ni(y), dω ◦ ι0,tj (y)⟩ϕ

(
d(y, x)

r

)
dHm(y).

Here, ξ̂l = ξ1 ∧ · · · ∧ ξl−1 ∧ ξl+1 ∧ · · · ∧ ξm for an orthonormal frame {ξj}mj=1 of TM and d is the

geodesic distance on the center manifold. We will often write ∇d(x, y) to denote the derivative
∇yd(x, y). If x = 0, we will omit the dependency on the center. Recall that the presence of the
additional term LN in the frequency (in contrast to that for area-minimizing integral currents)
is due to the term T (dω X) in the first variation δT (X) for T ; see [Spo19] for more details.

Remark 2.3. Note in L above the presence of the scaling ι0,tj . This is due to the error in the
first variation being for T0,tj , and not for T . This is consistent with the quadratic scaling we
expect for the ∥dω∥0 term in our definition of m0.

Part 1. Singularity degree of flat singular points

3. Main results

Following [DLS23a], we define a fine blow-up u to be any Dir-minimizer obtained through
the compactness procedure in Section 2.1 along a blow-up sequence of radii rk, and we let

F(T, 0) := {Iu(0) : u is a fine blow-up along some sequence rk ↓ 0}

denote the set of frequency values of T at 0. We further recall the notion of singularity degree
introduced in [DLS23a]:

Definition 3.1. The singularity degree of T at 0 is defined as

I(T, 0) := inf F(T, 0).
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Of course, one may analogously define the set of frequency values and the singularity degree
at any other point x ∈ F(T ) by instead considering fine blow-ups taken around the center point
x in place of 0, and thus all of the results in this part clearly hold for any x ∈ FQ(T ) in place
of 0.

Let us now state the main result of this part, which concerns the main properties of the
singularity degree.

Theorem 3.2. Suppose that T satisfies Assumption 2.2. Then

(i) I(T, 0) ≥ 1 and F(T, 0) = {I(T, 0)};
(ii) All fine blow-ups are radially homogeneous with degree I(T, 0);
(iii) if sj0 = 0 for some j0 ∈ N then limr↓0 INj0

(r) = I(T, 0);

(iv) if, conversely, there are infinitely many intervals of flattening (sk, tk], the functions
INj converge uniformly to the constant function I(T, 0) when I(T, 0) > 1, while when
I(T, 0) = 1, limk→∞ Ij(k)(

rk
tj(k)

) = I(T, 0) = 1 for every blow-up sequence of radii rk;

(v) if I(T, 0) > 1 then the rescalings T0,r converge polynomially fast to a unique flat tangent
cone QJπK as r ↓ 0;

(vi) if additionally I(T, 0) > 2− δ2 then sj0 = 0 for some j0 ∈ N;
(vii) if I(T, 0) < 2− δ2 then there are infinitely many intervals of flattening and infj

sj
tj

> 0.

In Part 2, we will then follow the arguments in [DLS23b] (based on the seminal work [NV17])
to prove the following.

Theorem 3.3. Let T and ω be as in Theorem 1.2. Then the set {x ∈ F(T ) : I(T, x) > 1} is
countably (m− 2)-rectifiable.

Recall that by the work [NV20] of Naber & Valtorta, for each k = 0, . . . ,m, the k-th stratum

S(k)(T ), defined to be the set of all points x ∈ spt(T ) \ spt(∂T ) such that for any tangent cone
S at x we have

dim({y : (τy)♯S = S}) ≤ k,

is countably k-rectifiable. Here, τy(p) := p+ y denotes the map that translates by y.
In Part 3 we then complete the proof of Theorem 1.2 by showing the following (cf. [DLMS23]).

Theorem 3.4. Let T and ω be as in Theorem 1.2. Then the set {x ∈ F(T ) : I(T, x) = 1} is

Hm−2-null. Moreover, the tangent cone is unique at Hm−2-a.e. point in S(m−2)(T ).

Combining these results then gives Theorem 1.2.
The starting point for studying the properties of Almgren’s frequency function with respect

to varying normal approximations is the following result, which provides uniform upper and
lower frequency bounds over all the intervals of flattening around a given flat singular point.

Theorem 3.5. Suppose that T satisfies Assumption 2.2. Then there exist constants c0 =
c0(m,n,Q, T ) > 0, C = C(m,n,Q, T ) > 0 and α = α(m,n,Q) > 0, such that

INj (r) ≥ c0 ∀r ∈
(
sj
tj
, 3

]
,(3.1)

INj (a) ≤ eCbαINj (b) ∀r ∈
(
sj
tj
, 3

]
.(3.2)

Moreover,
0 < inf

j
inf

r∈(
sj
tj

,3]

INj (r) ≤ sup
j

sup
r∈(

sj
tj

,3]

INj (r) < +∞.
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The uniform upper bound of Theorem 3.5 was established in [Spo19, Theorem 7.8] (see
also [DLS16b, Theorem 5.1]). For the uniform lower bound, we refer the reader to [Sko24,
Theorem 7.8]. Although this is only proven therein in the case where T is area-minimizing, one
may easily observe that the proof in fact works in exactly the same way when T is merely
semicalibrated, since all of the preliminary results required (e.g. [Spo19, Theorem 1.5] and the
estimates [Spo19, Proposition 7.5]) hold here also. In particular, observe that including the
term LN in the frequency ensures that the variational error terms for the frequency are of
exactly the same form as those in the area-minimizing case.

Remark 3.6. Given Theorem 3.5, observe that the arguments in [Sko24], rewritten for semi-
calibrated currents (namely, replacing all results from [DLS14, DLS16a, DLS16b] with their
counterparts from [Spo19]), yields a local upper Minkowski dimension estimate of m− 2 as
obtained in [Sko24] for area-minimizing integral currents.

In order to derive the conclusions of Theorem 3.2, we wish to sharpen the uniform bounds of
Theorem 3.5 to a quantitative control on the radial variations of the frequency function, across
uninterrupted strings of intervals of flattening. With this in mind, we recall the following
definition of the universal frequency from [DLS23a].

Definition 3.7. Suppose that T is as in Assumption 2.2 and let {(sk, tk]Jk=j0
} be a sequence

of intervals of flattening with coinciding endpoints (i.e. sk = tk+1 for k = j0, . . . , J − 1), with
corresponding center manifolds Mk and normal approximations Nk. For r ∈ (sJ , tj0 ], let

I(r) := INk

(
r
tk

)
1(sk,tk](r),

H(r) := HNk

(
r
tk

)
1(sk,tk](r),

D(r) := DNk

(
r
tk

)
1(sk,tk](r),

L(r) := LNk

(
r
tk

)
1(sk,tk](r).

We refer to I as the universal frequency function, whenever it is well-defined.

We have the following frequency BV estimate on the universal frequency function, which is
not only a crucial tool for the proof of Theorem 3.2, but will also be useful in its own right in
establishing the rectifiability of the points with singularity degree strictly larger than 1 in Part
2.

Theorem 3.8. There exists γ4 = γ4(m,n,Q) > 0 and C = C(m,n,Q) > 0 such that the
following holds. Let {(sk, tk]Jk=j0

} be a sequence of intervals of flattening with coinciding

endpoints. Then log(I+ 1) ∈ BV((sJ , tj0 ]) with the quantitative estimate

(3.3)

∣∣∣∣[d log(I+ 1)

dr

]
−

∣∣∣∣ ((sJ , tj0 ]) ≤ C
J∑

k=j0

mγ4
0,k.

In addition, if (a, b] ⊂ (sk, tk] for some interval of flattening (sk, tk], we have

(3.4)

∣∣∣∣[d log(I+ 1)

dr

]
−

∣∣∣∣ ((a, b]) ≤ C

(
b

tk

)γ4

mγ4
0,k.
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4. Coarse blow-ups

It will be convenient to consider an alternative type of blow-up to a fine blow-up, avoiding
reparameterization to center manifolds; we follow the setup of [DLS23a, Section 3.1]. Consider
a blow-up sequence of radii rk and the associated sequence T0,rk of rescaled currents. We may

assume without loss of generality that T0,rk
∗
⇀ QJπ0K in B4.

Remark 4.1. Compared to the set up of [DLS23a], we are taking M = 1/2, which is sufficient
for our purposes here.

Notice that for r̄k := rk
tk
, in light of the stopping condition [Spo19, (6.10)] for the intervals

of flattening, we have BL ⊂ C2r̄k for any Whitney cube L ∈ W (j(k)) with L ∩ B̄r̄k(π0) ̸= ∅
(see [Spo19, Section 2.2]). Let ϖk denote a sequence of planes such that E(T0,rk ,B4r̄k , ϖk) =
E(T0,rk ,B4r̄k). Observe that for k sufficiently large, the height bound [Spo19, Theorem 1.5]
guarantees that

E(T0,rk ,C2, ϖk) ≤ E(T0,rk ,B4) =: Ek → 0.

In particular, ϖk → π0 (locally in Hausdorff distance). By replacing T0,rk by its pushforward
under a rotation mapping ϖk to a plane parallel to π0, which is converging to the identity, we
may therefore assume that ϖk = π0.

We may then ensure that for all k sufficiently large we have Ek < ε1, where ε1 > 0 is the
threshold of [DLSS18, Theorem 1.4], which in turn yields a sequence of Lipschitz approximations

(4.1) fk : B1/2(π0) → AQ(π
⊥
0 )

for T0,rk . Define the normalizations

f̄k :=
fk

E
1/2
k

.

We will work under the additional assumption that

(4.2) ∥dω∥2C1,κ0 r
2−2δ3
k = o(Ek) ,

for a fixed choice of parameter δ3 ∈ (0, δ2).

Remark 4.2. Notice that this is a slightly stronger hypothesis that the corresponding assumption
[DLS23a, (9)]. The reason for asking for merely almost-quadratic scaling on the left-hand side
of (4.2) will become apparently in Part 3; see Remark 13.11.

Note that (4.2) need not necessarily hold in general, but we will only need to consider cases
where it is indeed true.

In light of [DLSS18, Theorem 1.4, Theorem 3.1], we may thus conclude that up to extracting
a subsequence, there exists a Dir-minimizer f̄ : B1(π0) → AQ(π

⊥
0 ) with f̄(0) = QJ0K such that

f̄k → f̄ in W 1,2
loc ∩ L2(B1(π0)).

Recalling [DLS23a], we refer to such a map f̄ as a coarse blow-up of T at 0, and we say that f̄
is non-trivial if it is not identically equal to QJ0K. We in turn define the average free part

v(x) :=

Q∑
i=1

Jf̄i(x)− η ◦ f̄(x)K

for f̄ . As usual, one may analogously define a coarse blow-up and its average-free part at
another point x ∈ F(T ) under the assumption (4.2).
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Observe that unlike for a fine blow-up, it could be that f̄ ≡ QJη ◦ f̄K. Indeed, one may
construct examples of such behavior from holomorphic curves in C2 that are of the form
{(w, z) : wQ = zp} for non-integer ratios p/Q larger than 2 (see e.g. [DLS23a, Remark 4.2],
and [DL16]).

We have the following frequency lower bound for coarse blow-ups, which follows from a
Hardt-Simon type estimate (see [DLS23a, Theorem 3.2]).

Theorem 4.3. Let T be as in Assumption 2.2. If f̄ is a non-trivial coarse blow-up and v is its
average-free part, then If̄ (0) ≥ 1 and if v is not identically zero, then Iv(0) ≥ 1.

We refer the reader to [DLS23a] for the proof of this, with the observation that the only
differences in the argument therein are

• as in [DLS23a], the fact that f̄ is non-trivial is equivalent to the existence of a radius
ρ > 0 and a constant c̄ > 0 such that

lim inf
k→∞

E(T0,rk ,Cρ, πk)

Ek
≥ c̄.

• in the proof of the preliminary lemma [DLS23a, Lemma 3.3], the estimate (9) therein
is replaced with (4.2) here, and the Lipschitz approximation and surrounding estimates
are instead taken from [DLSS18];

• the estimate (15) therein for a semicalibrated current follows from [DLSS17b, Proposi-
tion 2.1] in place of the classical monotonicity formula for mass ratios for stationary
integral varifolds (namely, there is the presence of a higher order error term, which
vanishes as the inner radius is taken to zero).

In light of Theorem 4.3, the validity of the lower bound on the singularity degree in Theorem
3.2 is therefore reduced to the following.

Proposition 4.4. Suppose that T is as in Assumption 2.2. Let rk ∈ (sj(k), tj(k)] be a blow-up
sequence of radii with

(4.3) lim inf
k→∞

sj(k)

rk
> 0.

Then (4.2) holds, and the coarse blow-up f̄ along (a subsequence of) rk is well-defined. Moreover,
for the average-free part v of f̄ and a corresponding fine blow-up u along (a further subsequence
of) rk, we have

v = λu for some λ > 0.

In particular, Iu(0) ≥ 1.

Remark 4.5. In the case where (4.3) fails, we might have that v is trivial while u is not,
precisely because of the possibility that f̄ = QJη ◦ f̄K in this case; see the above discussion.

Before discussing the proof of Proposition 4.4, let us point out the following result, which
one obtains as a simple consequence a posteriori, after obtaining the conclusions of Theorem
3.2, in light of the classification of homogeneous harmonic functions. This corollary will be
exploited in Part 3.

Corollary 4.6. Let T be as in Assumption 2.2 and suppose that I(T, 0) < 2 − δ2. Then,
assuming the conclusions of Theorem 3.2, any coarse blow-up f̄ at 0 is non-trivial, average-free
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and I(T, 0)-homogeneous. Moreover, for each γ > 2(I(T, 0)− 1) we have the lower decay bound

lim inf
r↓0

E(T,Br)

rγ
> 0,

and there exists r0 = r0(Q,m, n, T ) > 0 such that

E(T,Br) ≥
(r
s

)γ
E(T,Bs) ∀r < s < r0.

Observe that given the conclusions (ii) and (vii) of Theorem 3.2, the proof of Corollary
4.6 is exactly the same as that of [DLS23a, Corollary 4.3], when combined again with the
aforementioned observation that T0,rj is rj∥dω∥C0-minimal in B7

√
m, which allows one to

verify that the property (4.2) is preserved under rescalings of blow-up sequences (see [DLS23a,
Lemma 3.3]). We thus omit the details here.

4.1. Proof of Proposition 4.4. The proof of Proposition 4.4 follows analogous reasoning as
that of [DLS23a, Proposition 4.1].

First of all, recall the following Lemma from [DLS23a]. Note that it does not rely on any
properties of the center manifold other than its regularity, so clearly remains unchanged in this
setting.

Lemma 4.7. There are constants κ = κ(m,n,Q) > 0 and C = C(m,n,Q) > 0 with the
following property. Consider:

• A Lipschitz map g : Rm ⊃ B2 → AQ(Rn) with ∥g∥C0 + Lip (g) ≤ κ;
• A C2 function φ : B2 → Rn with φ(0) = 0 and ∥Dφ∥C1 ≤ κ;
• The function f(x) =

∑
iJφ(x) + gi(x)K and the manifold M := {(x,φ(x))};

• The maps N,F : M∩C3/2 → AQ(Rm+n) given by [DLS15, Theorem 5.1], satisfying
F (p) =

∑
iJp+Ni(p)K, Ni(p) ⊥ TpM, and TF C5/4 = Gf C5/4.

If we denote by g̃ the multi-valued map x 7→ g̃(x) =
∑

iJ(0, gi(x))K ∈ AQ(Rm+n), then

G(N(φ(x)), g̃(x)) ≤ C∥Dφ∥C0(∥g∥C0 + ∥Dφ∥C0) ∀x ∈ B1 .

In addition, we also have the same comparison estimates as in [DLS23a, Lemma 4.5]:

Lemma 4.8. Suppose that the assumptions of Proposition 4.4 are satisfied along a sequence of
radii rk. Then (4.2) holds, and

(i) for hk = ∥N̄k∥L2(B3/2)
with N̄k as in (2.7), we have

(4.4) 0 < lim inf
k→∞

h2
k

Ek
≤ lim sup

k→∞

h2
k

Ek
< +∞;

(ii) for fk defined as in (4.1) and the map φ̄k on B2(0, πk) such that

graph(φ̄k) ∩C3/2(0, πk) = ι0,rk/tj(k)(Mk),

we have

(4.5)

∫
B3/2

|φ̄k − η ◦ fk|2 = o(Ek).

Observe that the arguments in proof of Lemma 4.8 remains completely unchanged from that
of [DLS23a, Lemma 4.5], after replacing the application of the relevant preliminary results from
[DLS14, DLS16a] with their analogues in [Spo19]. In particular, we emphasize the following:
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(1) Given the estimate [DLS23a, (30)], which remains valid herein since the properties of
the Whitney decomposition remain unchanged, we conclude that (4.2) holds for any
δ3 ∈ (0, δ2).

(2) The estimates [DLS16a, Proposition 5.2 (5.2), Proposition 4.4 (i)] are replaced by
[Spo19, Proposition 4.7 (4.25), Proposition 4.8 (ii)] respectively; namely, despite the
constructions of the respective center manifolds for area-minimizing integral currents
and semicalibrated currents being different, the relevant comparison and derivative
estimates are still satisfied.

With Lemma 4.7 and Lemma 4.8 at hand, the proof of Proposition is exactly the same as
that in [DLS23a].

5. Improved frequency lower bound

This section is dedicated to the proof of the lower bound I(T, 0) ≥ 1 in Theorem 3.2(i). This
maybe be equivalently restated as follows.

Theorem 5.1. Suppose that T satsfies Assumption 2.2. Then Iu(0) ≥ 1 for any fine blow-up
u.

The proof of Theorem 5.1 follows very similar reasoning to [DLS23a, Theorem 5.1], now
that we have Theorem 3.5, which generalizes [DLS23a, Theorem 5.2] to the semicalibrated
setting. Nevertheless, we repeat the details here.

5.1. Proof of Theorem 5.1. Let rk ∈ (sj(k), tj(k)] be a blow-up sequence of radii which
generates a fine blow-up u. Up to extracting a subsequence, we have three cases:

(a) there exists J ∈ N such that sJ = 0 and {rk} ⊂ (0, tJ ];

(b) #{j(k) : k ∈ N} = ∞ and limk→∞
sj(k)
rk

= 0;

(c) #{j(k) : k ∈ N} = ∞ and limk→∞
sj(k)
rk

> 0.

Case (a): Let M, N denote respectively the center manifold and normal approximation
associated to the interval of flattening (0, tJ ], and let us omit dependency on NJ for I and
related quantities.

In light of the almost-monotonicity (3.2) of Theorem 3.5, the limit I0 := limr↓0 I(r) exists

and lies in [c0,∞). Furthermore, the strong W 1,2
loc ∩ L2-convergence of uk to u as in Section 2.1

implies that Iu(0) = Iu(r) ≡ I0 for each r ∈ (0, 3/2). It therefore remains to check that I0 ≥ 1.
First of all, observe that the stopping criteria for the intervals of flattening (see e.g. [Spo19,

Remark 7.4]) guarantees that

(5.1) D(r) ≤ Crm+2−2δ2 ∀r ∈ (0, 1].

Together with [Spo19, (7.9)], we additionally obtain

(5.2) L(r) ≤ Crm+3−2δ2 ∀r ∈ (0, 1].

On the other hand, observe that since I(r) ≥ I0
2 for every r > 0 sufficiently small, the estimates

[Spo19, (7.5), (7.8)] can be rewritten as∣∣∣∣∂r log(H(r)

rm−1

)
− 2I(r)

r

∣∣∣∣ ≤ Crγ3I(r)

r
∀r ∈ (0, r0],



SINGULARITIES AND TANGENT CONES FOR SEMICALIBRATED CURRENTS 15

for some r0 = r0(I0) > 0 sufficiently small. Here, γ3 is as in [Spo19]. In particular, given ε > 0,
we have

2I0 − ε

r
≤ ∂r log

(
H(r)

rm−1

)
≤ 2I0 + ε

r
∀r ∈ (0, r1],

for some r1 = r1(ε) ∈ (0, r0]. This in turn yields

lim inf
r↓0

H(r)

rm−1+2I0+ε
≥ H(r1)

rm−1+2I0+ε
1

> 0,

which then further gives the consequence

lim inf
r↓0

Γ(r)

rm−2+2I0+ε
> 0.

Recalling that Γ = D(r) + L(r) and combining with the decay (5.1), (5.2), we must therefore
have

I0 ≥ 2− δ2,

which in particular implies the desired lower bound of 1, in this case.
Case (b): Let u denote the fine blow-up generated by (a subsequence of) rk. Notice that

(5.3) Iu(ρ) = lim
k→∞

INj(k)

(
ρrk
tj(k)

)
∀ρ ∈ (0, 1],

in light of the strong W 1,2 ∩ L2-convergence described in Section 2.1. In particular, since the
stopping conditions for the intervals of flattening guarantee that

E(T,Bsj(k)) = E(T0,tj(k) ,Bsj(k)/tj(k)) ≤ Cε23

(
sj(k)

tj(k)

)2−2δ2

−→ 0 as k → ∞,

we deduce that {sj(k)} is a blow-up sequence of radii. Applying Proposition 4.4, we conclude
that the fine blow-up ũ generated by (a subsequence of) sj(k) satisfies Iũ(0) ≥ 1. Combining
this with (5.3) (which additionally holds with u replaced by ũ and rk replaced by sj(k)), we
conclude that

lim inf
k→∞

INj(k)

(
sj(k)

tj(k)

)
≥ 1.

Combining this with the almost-monotonicity (3.2) of the frequency, we easily conclude that
for δ > 0 arbitrary, there exists ρ̄ > 0 such that

lim inf
k→∞

INj(k)

(
ρrk
tj(k)

)
≥ 1− δ ∀ρ ∈

(
sj(k)

tj(k)
, ρ̄

)
,

from which the desired conclusion follows immediately. See [DLS23a, Section 5.3] for details.
Case (c): In this case, the hypotheses of Proposition 4.4 hold, so applying this proposition,

we immediately obtain the desired conclusion.
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6. Frequency BV estimate

This section is dedicated to the proof of Theorem 3.8. To begin with, we state a sharper
formulation of the variational identities [Spo19, Proposition 7.5]. Let T satisfy Assumption 2.2,
and let M be a center manifold for T with associated normal approximation N . Given x ∈ M,
set

EN (x, r) = −1

r

∫
M

ϕ′
(
d(x, y)

r

)∑
i

Ni(y) ·DNi(y)∇d(x, y) dy,

GN (x, r) = − 1

r2

∫
M

ϕ′
(
d(x, y)

r

)
d(x, y)

|∇d(x, y)|2
∑
i

|DNi(y) · ∇d(x, y)|2 dy,

ΣN (x, r) =

∫
M

ϕ

(
d(x, y)

r

)
|N(y)|2 dy.

Proposition 6.1. There exist γ4 = γ4(m,n,Q) > 0 and C = C(m,n,Q) > 0 such that the
following holds. Suppose that T satisfies Assumption 2.2. Let (s, t] be an interval of flattening
for T around 0 with associated center manifold M and normal approximation N and let m0 be
as in (2.5) for this interval. Then DN (0, ·), HN (0, ·) are absolutely continuous on ( st , 3] and
for almost every r ∈ ( st , 3] we have

∂rDN (0, r) = −
∫
M

ϕ′
(
d(y)

r

)
d(y)

r2
|DN(y)|2 dy(6.1)

∂rHN (0, r)− m− 1

r
HN (0, r) = O(m0)HN (0, r) + 2EN (0, r),(6.2)

|ΓN (0, r)−EN (0, r)| ≤
5∑

j=1

|Erroj | ≤ Cmγ4
0 DN (0, r)1+γ4 + Cm0ΣN (0, r),(6.3)

≤ Cmγ4
0 DN (0, r)1+γ4 + Cm0r

2DN (0, r),∣∣∂rDN (0, r)− (m− 2)r−1DN (0, r)− 2GN (0, r)
∣∣ ≤ 2

5∑
j=1

|Errij |+ Cm0DN (0, r)(6.4)

≤ Cr−1mγ4
0 DN (0, r)1+γ4 + Cmγ4

0 DN (0, r)γ4∂rDN (0, r) + Cm0DN (0, r),

|LN (0, r)| ≤ Cm
1/4
0 rDN (0, r), |∂rLN (0, r)| ≤ Cmγ4

0 (r−1∂rDN (0, r)HN (0, r))γ4(6.5)

where Erroj , Err
i
j are the variational errors as in [DLS16b, Section 3.3].

The estimates in Proposition 6.1 follow by the same reasoning as their weaker counterparts
in [Spo19, Proposition 7.5], together with the following observations:

• the error estimates in [DLS16b, Section 4] (more precisely, see [DLS16b, Lemma 4.5])
can be optimized so as to gain a factor of mγ4

0 on the right-hand side, in light of the
following estimates on the geodesic distance d on each center manifold M:

(i) d(x, y) = |x− y|+O
(
m

1/2
0 |x− y|2

)
,

(ii) |∇d(x, y)| = 1 +O
(
m

1/2
0 d(x, y)

)
,

(iii) ∇2(d2) = g + O(m0d), where g is the metric induced on M by the Euclidean
ambient metric.
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• the estimates [Spo19, (7.25), (7.26)] in fact immediately yield the estimates in (6.5), in
light of (2.6).

These estimates are a simple consequence of the C3,κ-estimates for each center manifold; see
e.g. [DLDPHM23]. We therefore omit the details here.

The estimates of Proposition 6.1 in turn gives rise to the following almost-monotonicity
estimate for the frequency relative to a given center manifold.

Corollary 6.2. There exists C = C(m,n,Q) > 0 such that the following holds. Suppose that
T satisfies Assumption 2.2. Let (s, t], x, M, N and γ4 be as in Proposition 6.1. Then IN (0, ·)
is absolutely continuous on ( st , 3] and for almost-every r ∈ ( st , 3] we have

∂r log(1 + IN (0, r)) ≥ −Cmγ4
0

(
1 +

DN (0, r)γ4

r
+DN (0, r)γ4−1∂rDN (0, r)

)
Now observe that [DLS23a, Lemma 6.6] can in fact be stated for a general manifold that is

the graph of a sufficiently regular function as follows, with the proof remaining completely
unchanged.

Lemma 6.3 (Curvilinear excess expansion). There exists a dimensional constant C =
C(m,n,Q) > 0 such that the following holds. Let M = graph(φr) be a C3 m-dimensional C3

submanifold of Rm+n, where φr ∈ C3(Br(0, π);π
⊥). Let f : Br(0, π) → AQ(π

⊥) be a Lipschitz
map. Then we have

∣∣∣∣∣
∫
Cr(0,π)

|G⃗f (z)− M⃗ ◦ p(z)|2ϕ
(
|pπ(z)|

r

)
d∥Gf∥(z)−

∫
Br(0,π)

G
(
Df,QJDφrK

)2
dy

∣∣∣∣∣
≤ C

∫
Br(0,π)

(|Df |4 + |Dφr|4)ϕ
(
|y|
r

)
dy

+ C

∫
Cr(0,π)

∣∣∣M⃗(p(z))− M⃗
(
φr(pπ(z))

)∣∣∣ d∥Gf∥(z).

Thus, we immediately deduce the analogue of [DLS23a, Corollary 6.7] when T is semicali-
brated.

Corollary 6.4. There exists a dimensional constant C = C(m,n,Q) > 0 such that the
following holds. Let T satisfy Assumption 2.2. Let (s, t] be an interval of flattening for T
around 0 with corresponding center manifold M and normal approximation N , let m0 be as
in (2.5) for (s, t]. Let φ be the parameterizing map for M over B3(π) and let f : B1(π) →
AQ(π

⊥) be a π-approximation for T0,t in C4(0, π) according to [DLS14]. For r̄ = s
t , let

fL : B8rL(pL, πL) → AQ(π
⊥
L ) be a πL-approximation for T0,t corresponding to a Whitney cube

L as in [DLS16b, Section 2.1 (Stop)]. Let πr̄ be such that E(T0,t,B6
√
mr̄) = E(T0,t,B6

√
mr̄, πr̄)

and let BL := B8rL(pL, πL). Let fr̄ : Br̄(0, πr̄) → AQ(π
⊥
r̄ ) be the map reparameterizing gr (fL)

as a graph over πr̄ and let φr̄,φL be the maps reparameterizing graph(φ) as graph over πr̄, πL
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respectively. Then we have∣∣∣∣∣
∫
B1(0,π)

G(Df,QJDφK)2ϕ (|y|) dy −
∫
B1∩M

|DN |2ϕ (d(y)) dy

∣∣∣∣(6.6)

≤ C

∫
B1(0,π)

(|Df |4 + |Dφ|4)dy + Cm1+γ2
0 + C

∫
B1∩M

(|AM|2|N |2 + |DN |4)

+ C

∫
C1(0,π)

∣∣∣M⃗(p(z))− M⃗
(
φ(pπ(z))

)∣∣∣ d∥Gf∥(z),

and ∣∣∣∣∣
∫
Br̄(0,πr̄)

G(Dfr̄, QJDφr̄K)2ϕ
(
|y|
r̄

)
dy −

∫
Br̄∩M

|DN |2ϕ
(
d(y)

r̄

)
dy

∣∣∣∣(6.7)

≤ C

∫
Br̄(0,πr̄)

(|Dfr̄|4 + |Dφr̄|4) dy + C

∫
BL

(|DfL|4 + |DφL|4) dy

+ Cm1+γ2
0 r̄m+2+γ2 + C

∫
BL

(|AM|2|N |2 + |DN |4)

+ C

∫
Cr̄(0,πr̄)

∣∣∣M⃗(p(z))− M⃗
(
φ(pπr̄(z))

)∣∣∣ d∥Gfr̄∥(z),

where AM denotes the second fundamental form of M and γ2 is as in [Spo19].

In light of the estimates of Corollary 6.4, we further wish to control the difference between
an orthogonal projection to a center manifold and the image on M of an orthogonal projection
to a plane over which the center manifold is parameterized.

Lemma 6.5. There exists a constant C = C(m,n,Q) > 0 such that the following holds.
Suppose that T , M, m0, r̄, f , fr̄, π, πr̄, φr̄, γ2 are as in Corollary 6.4. Then we have∫

Cr̄(0,πr̄)

∣∣∣M⃗(p(z))− M⃗
(
φr̄(pπr̄(z))

)∣∣∣ d∥Gfr̄∥(z) ≤ Cr̄m+1m1+γ2
0 ,(6.8) ∫

C1(0,π)

∣∣∣M⃗(p(z))− M⃗
(
φ(pπ(z))

)∣∣∣ d∥Gf∥(z) ≤ Cm1+γ2
0 .(6.9)

The proof of Lemma 6.5 follows exactly as that of [DLS23a, Lemma 6.9], exploiting the
estimates of [DLSS18, Theorem 1.4] and [Spo19, Corollary 3.5] in place of their respective
analogues in [DLS14, DLS16a].

We further have the following comparison estimate between neighboring center manifolds.

Lemma 6.6. There exists a constant C = C(m,n,Q) > 0 such that the following holds.
Suppose that T satisfies Assumption 2.2. Let Mk−1,Mk be successive center manifolds for
T associated to neighboring intervals of flattening (tk, tk−1] and (tk+1, tk] around 0. Let
φk−1,φk denote their respective parameterizing maps and let Nk−1, Nk denote their normal
approximations. Assume that E(T0,tk ,B6

√
m, πk) = E(T0,tk ,B6

√
m) for some plane πk and let

φ̃k−1 be the map reparametrizing graph(φk−1) as a graph over πk. Letting φ̃k := φ̃k−1

(
tk

tk−1
·
)
,

we have

(6.10)

∫
B1

|Dφk −Dφ̃k|2 ≤ Cm
3/2
0,k .
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and

(6.11)

∫
B2

|φk − φ̃k|2 ≤ Cm0,k .

Proof of Lemma 6.6. The proof follows the same reasoning as that of [DLS23a, Lemma 6.8].
Nevertheless, let us provide an outline here and highlight the differences. First of all, observe
that by a rotation of coordinates, we may without loss of generality assume that πk−1 = πk ≡ π0
and φ̃k−1 = φk−1.

Let η ∈ C∞
c (B2(π0); [0, 1]) be a cutoff function satisfying η ≡ 1 on B1. Via an integration by

parts, we have∫
B1

|Dφk −Dφ̃k|2 ≤
∫
B2

|Dφk −Dφ̃k|2η

= −
∫
B2

(φk − φ̃k)η∆(φk − φ̃k)−
∫
B2\B1

Dη · (φk − φ̃k)D(φk − φ̃k)

≤ C

(
m

1/2
0,k +

tk
tk−1

m
1/2
0,k−1

)∫
B2

|φk − φ̃k|.

Now recall that the construction procedure for the intervals of flattening guarantees that

(6.12)

(
tk
tk−1

)2−2δ2

m0,k−1 ≤ Cm0,k.

Thus, (6.10) follows from (6.11), and so it suffices to demonstrate the latter. Given a Lipschitz
approximation fk : B3(π0) → AQ(π

⊥
k ) for T0,tk C4(0, π0) as in [DLSS18, Theorem 1.4], which

can indeed be considered for ε3 sufficiently small since E(T0,tk ,C4(0, π0)) ≤ Cm0,k, observe
that it suffices to show ∫

B2

|φk − η ◦ fk| ≤ Cm0,k,(6.13) ∫
B2

|φ̃k − η ◦ fk| ≤ Cm0,k.(6.14)

In fact, notice that (6.14) will follow from exactly the same argument as (6.13), when combined

with (6.12). Indeed, this is due to the fact that for f̃k := fk−1(
tk·
tk−1

) and fk−1 as above but for

T0,tk−1
C4(0, π0), we have Gfk ≡ Gfk ≡ T0,tk on K × π⊥

0 for a closed set K ⊂ B2 with

(6.15) |B2 \K| ≤ Cm1+β0

0,k ,

where β0 > 0 is as in [DLSS18, Theorem 1.4].
Now let us demonstrate the validity of (6.13). By the construction of Mk, B2 is covered by

a disjoint union of the contact set Γ ⊂ π0 and Whitney cubes W ′ := {L ∈ W : L ∩B2 ̸= ∅}.
Therefore we have

(6.16)

∫
B2

|φk − η ◦ fk| ≤
∫
Γ∩B2

|φk − η ◦ fk|︸ ︷︷ ︸
(A)

+
∑
L∈W ′

∫
L∩B3

|φk − η ◦ fk|︸ ︷︷ ︸
(B)

.

Firstly, we have

|(A)| ≤ Cm1+β0

0,k ,
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due to (6.15), together with the fact that Γ ⊂ K (see [Spo19, Definition 3.3]) and the estimates
[Spo19, Theorem 1.4(1.6), Corollary 3.5].

Meanwhile, for (B), we argue as follows. For each L ∈ W ′, let πL denote the optimal plane
associated to L as in [Spo19, Lemma 2.9], with corresponding πL-approximation fL, associated
tilted L-interpolating function hL as in [Spo19, Definition 2.10] and (straight) L-interpolating
function gL. Note that hL (and hence gL) are constructed via a different smoothing procedure
here, in comparison to that in [DLS16a] where T is area-minimizing. More precisely, here hL is
constructed by solving a suitable PDE with boundary data η ◦ fL, while in [DLS16a] it is
constructed via convolution of η ◦ fL. Nevertheless, by [Spo19, Proposition 4.7, Proposition
4.8(vi)], we still have the key estimates∫

L
|φk − gL| ≤ Cm0,kℓ(L)

m+3+β2/3,

for β2 > 0 as in [Spo19], and∫
B2

√
mℓ(L)(pL,πL)

|hL − η ◦ fL| ≤ Cm0,kℓ(L)
m+3+β2 ,

where pL is the center of L and ℓ(L) is the side-length of L. Combining these with a
reparameterization from π0 to πL and the tilting estimate [Spo19, Proposition 4.1(iii)], then
summing over L ∈ W ′, the conclusion follows; see [DLS23a] for the details. □

6.1. Proof of Theorem 3.8. With all of the preliminary estimates of this section at hand,
we are now in a position to conclude the BV estimate of Theorem 3.8. Let Dk := DNk

,

Hk := HNk
, Lk := LNk

, Γk and let D̄k := r−(m−2)Dk, H̄k := r−(m−1)Hk, L̄k := r−(m−2)Lk ,
Γ̄k := D̄k + L̄k denote their respective scale-invariant quantities. Let us first consider the
jumps of I at the radii tk. We have

|I(t+k )− I(t−k )| =

∣∣∣∣∣D̄k−1(
tk

tk−1
)− D̄k(1)

H̄k(1)

∣∣∣∣∣+
∣∣∣∣∣ L̄k−1(

tk
tk−1

)− L̄k(1)

H̄k(1)

∣∣∣∣∣
+ |Γ̄k−1(

tk
tk−1

)|

∣∣∣∣∣ 1

H̄k−1(
tk

tk−1
)
− 1

H̄k(1)

∣∣∣∣∣ ,
where I(t+k ) := Ik−1(

tk
tk−1

) and I(t−k ) := Ik(1). Now in light of (6.5) and (6.12), we have∣∣∣∣∣ L̄k−1(
tk

tk−1
)− L̄k(1)

H̄k(1)

∣∣∣∣∣ ≤ Cm
1/4
0,k

∣∣∣∣∣D̄k−1(
tk

tk−1
)− D̄k(1)

H̄k(1)

∣∣∣∣∣ ,
and

|Γ̄k−1(
tk

tk−1
)|

∣∣∣∣∣ 1

H̄k−1(
tk

tk−1
)
− 1

H̄k(1)

∣∣∣∣∣ ≤ Cm
1/4
0,k D̄k−1(

tk
tk−1

)

∣∣∣∣∣ 1

H̄k−1(
tk

tk−1
)
− 1

H̄k(1)

∣∣∣∣∣ .
Thus, by the exact same reasoning as that for the estimates [DLS23a, Proof of Proposition 6.2,
(60), (61)], we obtain

|I(t+k )− I(t−k )| ≤ Cmγ4
0,k

(
1 + I(t+k )

)
.
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When combined with the elementary identity logw ≤ w − 1 for w > 0, we obtain

| log(1 + I(t+k ))− log(1 + I(t−k ))| ≤
|I(t+k )− I(t−k )|

1 + I(t+k )
≤ Cmγ4

0,k

On the other hand, recall from Corollary 6.2 that I
∣∣
(sk,tk)

is absolutely continuous and

∂r log(1 + I(r)) ≥ − C

tk
mγ4

0,k

(
1 + ( r

tk
)−1Dk(

r
tk
)γ4 +Dk(

r
tk
)γ4−1∂rD( r

tk
)
)

︸ ︷︷ ︸
=: νk(r)

∀r ∈ (sk, tk).

Thus, we may introduce a suitable function Ω as in [DLS23a, Proof of Proposition 6.2], whose
distributional derivative is the measure

C
J∑

k=j0

mγ4
0,k

(
δtk + νk(r)1(sk,tk)L

1
)
,

so that in addition log(I+ 1) +Ω is monotone non-decreasing. Since

|∂rΩ|((sJ , tj0 ]) ≤ C
J∑

k=j0

mγ4
0,k,

and
∣∣[∂r log(I+ 1)]−

∣∣((sJ , tj0 ]) ≤ |∂rΩ|((sJ , tj0 ]), the proof is complete. □

7. Proof of Theorem 3.2

Now that we have demonstrated that Theorem 3.8 holds, we are in a position to complete
the proof of the remaining conclusions (ii)-(vii) of Theorem 3.2. The starting point is the
following tilt excess decay result.

Proposition 7.1. For any I0> 1, there exist constants C = C(I0,m, n,Q) > 0, α =
α(I0,m, n,Q) > 0 such that the following holds. Let T satisfy Assumption 2.2 and sup-
pose that I(T, 0) ≥ I0. Then there exists r0 = r0(I0,m, n,Q, T ) > 0 (depending also on the
center point 0) such that

(7.1) E(T,Br) ≤ C

(
r

r0

)α

max{E(T,Br0), ε̄
2r2−2δ2

0 } ∀r ∈ (0, r0) .

Furthermore, if C is permitted to additionally depend on α, one may choose α to be any positive
number smaller than min{2(I(T, 0)− 1), 2− 2δ2}.

The proof of this, and all its necessary preliminaries, is the same as that of [DLS23a,
Proposition 7.2].

Observe that a combination of the excess decay in Proposition 7.1 and the universal frequency
BV estimate of Theorem 3.8 immediately implies the conclusions (iii), (v), (vi) of Theorem
3.2, together with (ii), (iv) in the case when I(T, 0) > 1. Indeed, observe that Proposition 7.1
guarantees that if I(T, 0) > 1, there exists an index j0 = j0(r0) large enough such that tk+1 = sk
for each k ≥ j0. Combining this with Theorem 3.8 and the observation that

tk+1

tk
≤ 2−5, we

obtain a uniform BV-estimate of the form∣∣∣∣[d log(I+ 1)

dr

]
−

∣∣∣∣ ((0, tj0 ]) ≤ C

∞∑
k=j0

mγ4
0,k ≤ C

∞∑
k=j0

2−5αγ4(k−j0)mγ4
0,j0

≤ Cmγ4
0,j0

.
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for α = α(I(T, 0),m, n,Q) > 0 as in Proposition 7.1, where C = C(I(T, 0),m, n,Q). In
particular I0 := limr↓0 I(r) exists, and

Iu(ρ) = I0 ∀ρ ∈ (0, 1],

for every fine blow-up u. Note that in particular, if sj0 = 0 for some j0 ∈ N, Corollary 6.2
alone provides the desired conclusion that I0 = limr↓0 INj0

(r).

It remains to verify the conclusions (vi), (vii) of Theorem 3.2, as well as the conclusions
(ii) and (iv) when I(T, 0) = 1. These all follow by the same reasoning as [DLS23a, Section 8,
Section 9], with the use of the Lipschitz approximation [DLSS18, Theorem 4.1] in place of
[DLS14, Theorem 2.4] where needed, so we do not include the details here.

Part 2. Rectifiability of points with singularity degree > 1

8. Subdivision

In this part, we prove Theorem 1.2. We will work under Assumption 2.2 throughout. We
will be exploiting the results of the preceding part, centered around points x ∈ FQ(T ) (namely,
applying the results therein to Tx,1).

It will be useful to produce a countable subdivision of the set FQ(T ) as follows. First of all,
we may write

FQ(T ) ∩B1 =
⋃
K∈N

SK ,

for
SK := {y ∈ FQ(T ) : I(T, y) ≥ 1 + 2−K} ∩ B̄1 .

In light of Proposition 7.1, we will further decompose each piece SK based on the initial scale
r0. Let us rewrite the statement of this proposition applied to points in SK . Note that we may
ensure that C = 1, up to further decreasing r0 if necessary (dependent on the exponent α).

Proposition 8.1. Let T be as in Assumption 2.2, let K ∈ N and let x ∈ SK . For µ = 2−K−1,
there exists r0 = r0(x,m, n,Q,K) > 0 such that

(8.1) E(T,Br(x)) ≤
(r
s

)2µ
max{E(T,Bs(x)), ε̄

2s2−2δ2} ∀0 < r < s < r0 .

We may thus decompose SK as follows.

Definition 8.2. Let T be as in Assumption 2.2 and let ε4 be a small positive constant which
will be specified later. For every K ∈ N \ {0} define µ = µ(K) := 2−K−1. Given K,J ∈ N, let
SK,J (which implicitly also depends on ε4) denote the collection of those points x ∈ SK for
which

E(T,Br(x)) ≤
(r
s

)2µ
E(T,Bs(x)) ∀0 < r ≤ s ≤ 6

√
m

J
(8.2)

E(T,B6
√
mJ−1) ≤ ε24.(8.3)

Remark 8.3. Observe that for each K,J ∈ N, the set SK,J is closed, in light of upper
semicontinuity of the singularity degree.

Notice that by rescaling, it suffices to prove the (m− 2) rectifiability of SK,J with K ∈ N
fixed and J = 1. More precisely, the remainder of this part will be dedicated to the proof of
the following.
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Theorem 8.4. There exists ε4(m,n,Q) > 0 such that the following holds. Let T be as in
Assumption 2.2. Then S := SK,1 (which, recall, depends on ε4) is (m− 2)-rectifiable and has
the (m− 2)-dimensional local Minkowski content bound

(8.4) |Br(S)| ≤ Crn+2 ∀r ∈ (0, 1],

for some C = C(m,n,Q, T,K, γ4, ε4) > 0.

Remark 8.5. The constant C in Theorem 8.4 is implicitly also dependent on a uniform bound
on Almgren’s frequency function Ix,k over all k ∈ N, defined relative to center manifolds that
will be adapted to a given geometric sequence of scales; see Corollary 9.4 below.

9. Adapted intervals of flattening, universal frequency, radial variations

In order to prove Theorem 8.4, we follow a strategy which is much analogous to that in
[DLS23b], relying on the celebrated rectifiable Reifenberg techniques of Naber & Valtorta
[NV17]. We begin by decomposing the interval of scales (0, 1] around each point x ∈ S
into countably many sub-intervals whose endpoints are given by a fixed geometric sequence
and construct a center manifold for each of them, hence use it to compute a corresponding
frequency function. In [DLS23b], since we treat separately the points for which there are
finitely many intervals of flattening, these sub-intervals are be comparable in length to the
intervals of flattening. Here, however, we treat the points with finitely many intervals of
flattening together with those points that have infinitely many intervals of flattening. We
may do this by “artificially” stopping and restarting the center manifold procedure around
each point x ∈ FQ(T ) with I(T, x) > 2− δ2, and simply setting the new center manifold to
be the rescaling of the existing one, if there is no need to change the center manifold at a
given endpoint of the chosen geometric sequence of scales. We will then define a corresponding
universal frequency function as in Definition 3.7, but relative to this fixed geometric sequence
of scales, in place of the original intervals of flattening. The frequency variation estimates and
quantitative BV estimate in the preceding part, together with the excess decay of Proposition
8.1, will be key to providing us with the necessary quantitative bounds on the points in S.

9.1. Center manifolds. Let us begin by adapting the intervals of flattening from Section 2.1
around each point in S, to a given fixed geometric sequence of scales.

Fix a constant γ ∈ (0, 12 ], whose choice will specified later, depending only on m, n, and Q.
Consider a point x ∈ S with corresponding intervals of flattening {(tk+1, tk]}k≥0 that have

associated center manifolds Mx,k and normal approximations Nx,k, together with a geometric
blow-up sequence of scales {γj}j≥0.

For j = 0, let M̃x,0 = Mx,0 and Ñx,0 = Nx,0. For j = 1, if γ lies in the same interval of
flattening to t0 = 1, let

M̃x,1 := ι0,γ(Mx,0), Ñx,1(x) :=
Nx,0(γx)

γ
.

Otherwise, let M̃x,1 be the center manifold associated to Tx,γ B6
√
m, with corresponding

normal approximation Nx,1.

For each j ≥ 2, define M̃x,j inductively as follows. If γj lies in the same flattening to γj−1,
let

M̃x,j := ι0,γ(Mx,j−1), Ñx,j(x) :=
Nx,j−1(γx)

γ
.
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Otherwise, let M̃x,j be the center manifold associated to Tx,γj B6
√
m, with corresponding

normal approximation Nj .
It follows from Definition 8.2 that around any x ∈ S, we may replace the procedure in

Section 2.1 with the intervals (γk+1, γk] in place of (sk, tk], and with m0,k therein instead
defined by

(9.1) mx,k = E(Tx,γk ,B6
√
m) = E(T,B6

√
mγk(x)) .

Observe that in particular, if x ∈ S originally has finitely many intervals of flattening with
(0, tj0 ] being the final interval, it will nevertheless have infinitely many adapted intervals of

flattening, but for all k sufficiently large, M̃x,k and Ñx,k are arising as rescalings of Mx,j0 and
Nx,j0 respectively.

Abusing notation, let us henceforth simply write Mx,k for the center manifold M̃x,k, with
its corresponding normal approximation Nx,k.

We will henceforth denote by d the geodesic distance on the center manifold Mx,k, which is
in fact dependent on x and k. However, since this dependence is not important and it will
always be clear from context which center manifold we are taking the geodesic distance on, we
will omit it. Let πx,k denote the plane used to construct the graphical parametrization φx,k of

the center manifold Mx,k and let W x,k denote the collection of Whitney cubes associated
to Mx,k as in [Spo19, Section 2.2]. Note that the center manifold Mx,k does not necessarily

contain the origin 0 = ιx,γ−k(x). However we use the point px,k := (0,φx,k(0)) ∈ πx,k × π⊥
x,k as

a proxy for it.
Fix η ∈ (0, 12 ], to be determined later. We observe the following simple consequence of our

adapted intervals of flattening and associated center manifolds.

Proposition 9.1. Let γ, η > 0 be two fixed constants and let cs =
1

64
√
m
. Upon choosing N0

in [Spo19, Section 2.2] sufficiently large and adjusting accordingly the constants Ce, Ch and
ε2 in [Spo19] accordingly, we can ensure that for every w ∈ Mx,k and every r ∈ [ηγ, 3], any

L ∈ W x,k with L∩Br(pπx,k
(w), πx,k) ̸= ∅ satisfies ℓ(L) ≤ csr. Moreover, we have the following

dichotomy. Either

(a) there is a positive constant c̄s = c̄s(K,m, n,Q, η) ∈ (0, cs] such that Bγ(0, πx,k) intersects

a cube L ∈ W x,k with ℓ(L) ≥ c̄sγ, which violates the excess condition (EX) of [Spo19];
(b) Mx,k+1 = ι0,γ(Mx,k).

Proof. The proof follows immediately from the contruction. □

We have the following BV estimate on the universal frequency function adapted to {γk}k
(cf. Theorem 3.8).

Proposition 9.2. There exists ε̄(m,n,Q) ∈]0, ε] such that for any ε4 ∈ (0, ε̄], there exists
C = C(m,n,Q, γ4,K, γ) such that the following holds for every x ∈ S:

(9.2)

∣∣∣∣[d log(1 + I(x, ·))
dr

]
−

∣∣∣∣ ([0, 1]) ≤ C
∑
k

mγ4
x,k ≤ Cmγ4

x,1

Observe that in light of Proposition 9.1, the estimate in Proposition 9.2 follows by the same
argument as that in Theorem 3.8. Indeed, for any k such that γk lies in the same original
interval of flattening as γk−1, one may estimate the jump

| log(1 + I(x, γk))+ − log(1 + I(x, γk)−|
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due to Proposition 9.1(a) (see [DLS23a, Remark 6.3]). Meanwhile, if instead Mx,k+1 =
ι0,γ(Mx,k) holds, the adapted universal frequency function is absolutely continuous on

(γk+1, γk−1], and we instead simply use the variation estimate of Corollary 6.2.

9.2. Universal frequency function. For each center manifold Mx,k, we define the frequency
function for the associated normal approximation, as in Part 1. We define analogous quantities
to those therein, namely

Dx,k(w, r) :=

∫
Mx,k

|DNx,k(z)|2ϕ
(
d(w, z)

r

)
dz;

Hx,k(w, r) := −
∫
Mx,k

|∇d(w, z)|2

d(w, z)
|Nx,k(z)|2ϕ′

(
d(w, z)

r

)
dz;

Lx,k(w, r) :=

Q∑
i=1

m∑
l=1

(−1)l+1

∫
Mx,k

⟨Dξl(Nx,k)i(z) ∧ ξ̂l(z) ∧ (Nx,k)i(z), dω(z)⟩ϕ
(
d(w, z)

r

)
dHm(z);

Γx,k(w, r) := Dx,k(w, r) + Lx,k(w, r);

Ix,k(w, r) :=
rΓx,k(w, r)

Hx,k(w, r)
.

We further define the quantities

Ex,k(w, r) := −1

r

∫
Mx,k

ϕ′
(
d(w, z)

r

)∑
i

(Nx,k)i(z) ·D(Nx,k)i(z)∇d(w, z) dz;

Gx,k(w, r) := − 1

r2

∫
Mx,k

ϕ′
(
d(w, z)

r

)
d(w, z)

|∇d(w, z)|2
∑
i

|D(Nx,k)i(z) · ∇d(w, z)|2 dz;

Σx,k(w, r) :=

∫
Mx,k

ϕ

(
d(w, z)

r

)
|Nx,k(z)|2 dz.

We are now in a position to introduce the universal frequency function adapted to the
geometric sequence {γk}k, analogously to that defined in the preceding part.

Definition 9.3 (Universal frequency function adapted to {γj}j). For r ∈ (γk+1, γk] and
x ∈ S, define

I(x, r) := Ix,k

(
px,k,

r
γk

)
,

D(x, r) := Dx,k

(
px,k,

r
γk

)
,

L(x, r) := Lx,k

(
px,k,

r
γk

)
,

H(x, r) := Hx,k

(
px,k,

r
γk

)
.

9.3. Radial frequency variations. As an immediate consequence of the total variation
estimate and the fact that S is closed, we infer the existence of an uniform upper bound for the
frequency I(x, r) over all x ∈ S. We also infer the existence of the limit I(x, 0) = limr↓0 I(x, r).

We can then argue as in Part 1 to show that I(x, 0) = I(x, 0) ≥ 1 + 2−K . In turn, upon
choosing ε̃ sufficiently small we infer the following.
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Corollary 9.4. For ε̄ as in Proposition 9.2 and any ε4 ∈]0, ε̄], there exists C = C(m,n,Q, γ4,K, γ, ε̄)
such that the following holds:

1 + 2−K−1 ≤ I(x, r) ≤ C ∀x ∈ S, ∀r ∈]0, 1] .

By a simple contradiction and compactness argument, we obtain the same consequence as
that in Corollary 9.4 for points sufficiently close to S at the appropriate scales.

Corollary 9.5. There exists ε∗ ∈ (0, ε̄] such that for any ε4 ∈ (0, ε∗] and any x ∈ S, there
exists C0 = C0(γ, η,m, n,Q, ε∗,K) > 0, such that the following holds for every w ∈ Mx,k and
every r ∈ (ηγ, 4]:

C−1
0 ≤ Ix,k(w, r) ≤ C0 .

Let us now record the following simplified variational estimates, which may be easily deduced
from those in Corollary 6.2, Proposition 6.1, but for the intervals of flattening adapted to
{γk}k.

Lemma 9.6. Let ε̄ be as in Proposition 9.2. Suppose that T , ε4, x, Mx,k and Nx,k are as in
Corollary 9.5. Then there exist constants C dependent on K, γ, η and ε̄ but not on x, k, such
that the following estimates hold for every w ∈ Mx,k ∩B1 and any ρ, r ∈ (ηγ, 4].

C−1 ≤ Ix,k(w, r) ≤ C(9.3)

C−1rDx,k(w, r) ≤ C−1rΓx,k(w, r) ≤ Hx,k(w, r) ≤ CrΓx,k(w, r) ≤ CrDx,k(w, r)(9.4)

Σx,k(w, r) ≤ Cr2Dx,k(w, r)(9.5)

Ex,k(w, r) ≤ CDx,k(w, r)(9.6)

Hx,k(w, ρ)

ρm−1
=

Hx,k(w, r)

rm−1
exp

(
−C

∫ r

ρ
Ix,k(w, s)

ds

s
−O(mx,k)(r − ρ)

)
(9.7)

Hx,k(w, r) ≤ CHx,k(w,
r
4)(9.8)

Hx,k(w, r) ≤ Crm+3−2δ2(9.9)

Gx,k(w, r) ≤ Cr−1Dx,k(w, r)(9.10)

|∂rDx,k(w, r)| ≤ Cr−1Dx,k(w, r)(9.11)

|∂rHx,k(w, r)| ≤ CDx,k(w, r) .(9.12)

In particular:

|Γx,k(w, r)−Ex,k(w, r)| ≤ Cmγ4
x,kr

γ4Dx,k(w, r)(9.13) ∣∣∣∣∂rDx,k(w, r)−
m− 2

r
Dx,k(w, r)− 2Gx,k(w, r)

∣∣∣∣ ≤ Cmγ4
x,kr

γ4−1Dx,k(w, r)(9.14) ∣∣∣∣∂rHx,k(w, r)−
m− 1

r
Hx,k(w, r)− 2Ex,k(w, r)

∣∣∣∣ ≤ Cmx,kHx,k(w, r)(9.15)

|Lx,k(w, r)| ≤ Cmγ4
x,krDx,k(w, r)(9.16)

|∂rLx,k(w, r)| ≤ Cmγ4
x,k(r

−1∂rDx,k(w, r)Hx,k(w, r))
1/2(9.17)

∂rIx,k(w, r) ≥ −Cmγ4
x,kr

γ4−1 .(9.18)

Here, γ4 is as in Part 1.
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Observe that (9.3) is the consequence of Corollary 9.5, while the remaining estimates are an
easy consequence of Corollary 6.2, Proposition 6.1, combined with the construction of the
sequence of adapted center manifolds and associated normal approximations. We refer the
reader to [DLS23b, Proof of Lemma 10.8] for a more in-depth explanation.

10. Spatial frequency variations

A key aspect of the proof of Theorem 8.4 is a quantitative control on how much a given
normal approximation N = Nx,k deviates from being homogeneous on average between two
scales, in terms of the frequency pinching. The latter is defined in the following way.

Definition 10.1. Let T and S be as in Theorem 8.4, let x ∈ S and let Mx,k and Nx,k be as

in Section 9.1. Consider w ∈ Mx,k ∩B1 and a corresponding point y = x+ γkw. Let ρ, r > 0
be two radii satisfying

ηγk+1 ≤ ρ ≤ r < 4γk .(10.1)

We define the frequency pinching W r
ρ (x, k, y) around y between the scales ρ and r by

W r
ρ (x, k, y) :=

∣∣∣Ix,k(w, γ−kr
)
− Ix,k

(
w, γ−kρ

)∣∣∣ .
We have the following comparison to homogeneity for the normal approximations Nx,k.

Proposition 10.2. Assume T and S are as in Theorem 8.4. Let x ∈ S and k ∈ N. Then
there exists C = C(m,n,Q,K, γ, η) such that, for any w ∈ Mx,k ∩B1 and any radii r, ρ > 0
satisfying

4ηγk+1 ≤ ρ ≤ r < 2γk ,(10.2)

the following holds. Let y = x+ γkw and let A2r
ρ
4
(w) :=

(
B2r/γk(w) \ B̄ ρ

4γk
(w)
)
∩Mx,k. Then∫

A2r
ρ
4
(w)

∑
i

∣∣∣∣D(Nx,k)i(z)
d(w, z)∇d(w, z)

|∇d(w, z)|
− Ix,k(w, d(w, z))(Nx,k)i(z)|∇d(w, z)|

∣∣∣∣2 dz

d(w, z)

≤ CHx,k

(
w, 2r

γk

)(
W 4r

ρ/8(x, k, y) +mγ4
x,k

(
r

γk

)γ4)
log

(
16r

ρ

)
.

Proof. The argument is analogous to that of [DLS23a], but taking into account the additional
term Lx,k in the frequency. We include the details here for the purpose of clarity.

At the risk of abusing notation, we will omit dependency on x, w and k for all quantities,
for simplicity. For instance, we simply write I(s) for the quantity Ix,k(w, γ

−ks), and W 4r
ρ/8 for

the pinching W 4r
ρ/8(x, k, y).

Invoking the estimates of Lemma 9.6, we obtain

W 4r
ρ/4(y) ≥

∫ 4r

ρ/4
∂sI(s) ds =

∫ 4r

ρ/4

Γ(s) + s∂sΓ(s)− I(s)Γ(s)∂sH(s)

H(s)
ds

≥ 2

∫ 4r

ρ/4

sG(s)− I(s)

H(s)
ds− Cmγ4

∫ 4r

ρ/4

sγ4D(s)

H(s)
+

s1+γ4D(s)2

H(s)2
ds

≥ 2

∫ 4r

ρ/4

sG(s)− I(s)

H(s)
ds− Cmγ4((4r)γ4 − (ρ/4)γ4).
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Now notice that we may write∫ 4r

ρ/4

sG(s)− I(s)

H(s)
ds

=

∫ 4r

ρ/4

1

sH(s)

∫
M

−ϕ′
(
d(w, z)

s

)
1

d(w, z)

∑
j

∣∣∣∣DNj
d(w, z)∇d(w, z)

|∇d(w, z)|

∣∣∣∣2

−2I(s)
∑
j

Nj · (DNj d(w, z)∇d(w, z)) + I(s)2|N(z)|2|∇d(w, z)|2
 dz ds

=

∫ 4r

ρ/4

1

sH(s)

∫
−ϕ′

(
d(w, z)

s

)
ξ(w, z, s)

d(w, z)
dz ds,

where

ξ(w, z, s) =
∑
j

∣∣∣∣DNj
d(w, z)∇d(w, z)

|∇d(w, z)|
− I(s)Nj(z)|∇d(w, z)|

∣∣∣∣2 .

Thus,

W 4r
ρ/4(y) ≥ 2

∫ 4r

ρ/4

1

sH(s)

∫
As

s/2
(w)

ξ(w, z, s)

d(w, z)
dz ds− Cmγ4(rγ4 − ργ4).

Let

ζ(w, z) :=
∑
j

∣∣∣∣DNj(z)
d(w, z)∇d(w, z)

|∇d(w, z)|
− I(d(w, z))Nj(z)|∇d(w, z)|

∣∣∣∣2 .
We then have

ζ(w, z) ≤ 2ξ(w, z, s) + 2|I(s)− I(d(w, z))|2|N(z)|2 ≤ 2ξ(w, z, s) + CW s
d(w,z)(y)|N(z)|2.

Let us now control W s
d(w,z)(y) by W 4r

ρ/8(y). In light of the quantitative almost-monotonicity

(9.18) for I, for any radii ηγk+1 < s < t ≤ γk we have

(10.3) I(s) ≤ I(t) + Cmγ4(tγ4 − sγ4).

For s ∈ [ρ4 , 4r] this therefore yields

(10.4) W s
d(w,z)(y) ≤ W 4r

ρ/8(y) + Cmγ4((4r)γ4 − (ρ/8)γ4).

Now observe that the estimate (9.8) gives∫
A2r

ρ/4
(w)

∫ 2d(w,z)

d(w,z)

1

s2H(s)
ζ(w, z) ds dz ≥ 1

H(2r)

∫
A2r

ρ/4
(w)

ζ(w, z)

∫ 2d(w,z)

d(w,z)

1

s2
ds dz

≥ 1

2H(2r)

∫
A2r

ρ/4
(w)

ζ(w, z)

d(w, z)
dz.
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Combining this with the preceding estimates, we arrive at

W 4r
ρ/4(y) + log

(
16r

ρ

)
W 4r

ρ/8(y)

≥ C

∫ 4r

ρ/4

1

sH(s)

∫
As

s/2
(w)

ζ(w, z)

d(w, z)
dz ds− Cmγ4rγ4 log

(
16r

ρ

)
− Cmγ4rγ4

≥ C

∫
A2r

ρ/4
(w)

∫ 2d(w,z)

d(w,z)

1

s2H(s)
ζ(w, z) ds dz − Cmγ4rγ4 log

(
16r

ρ

)
− Cmγ4rγ4

≥ C

H(2r)

∫
A2r

ρ/4
(w)

ζ(w, z)

d(w, z)
dz − Cmγ4rγ4 log

(
16r

ρ

)
− Cmγ4rγ4

≥ C

H(2r)

∫
A2r

ρ/4
(w)

ζ(w, z)

d(w, z)
dz − Cmγ4rγ4 log

(
16r

ρ

)
− Cmγ4rγ4 .

Rearranging and again making use of (10.3), this yields the claimed estimate. □

We will further require the following spatial variation estimate for the frequency, with control
in terms of frequency pinching.

Lemma 10.3. Let T be as in Theorem 8.4, let x ∈ S and k ∈ N. Let x1, x2 ∈ B1 ∩Mx,k,

yi = x+ γkxi and let d(x1, x2) ≤ γ−kr
8 , where r is such that

8η γk+1 < r ≤ γk .

Then there exists C = C(m,n,Q, γ, η) > 0 such that for any z1, z2 ∈ [x1, x2], we have∣∣∣Ix,k (z1, r
γk

)
− Ix,k

(
z2,

r
γk

)∣∣∣
≤ C

[(
W 4r

r/8(x, k, y1)
)1/2

+
(
W 4r

r/8(x, k, y2)
)1/2

+m
γ4/2
x,k

(
r
γk

)γ4/2] γkd(z1, z2)
r

.

To prove Lemma 10.3, we need the following spatial variational identities for Dx,k, Lx,k and
Hx,k.

Lemma 10.4. Suppose that T is as in Theorem 8.4, let x ∈ S and let k ∈ N. Let v be
a continuous vector field on Mx,k. For any w ∈ Mx,k ∩ B1 and any ηγ ≤ r ≤ 2, letting
νw(z) := ∇d(w, z), we have

∂vDx,k(w, r) = −2

r

∫
Mx,k

ϕ′
(
d(w, z)

r

)∑
i

⟨∂νw(Nx,k)i(z), ∂v(Nx,k)i(z)⟩ dHm(z)

(10.5)

+O
(
mγ4

x,k

)
rγ4−1Dx,k(w, r),(10.6)

∂vHx,k(w, r) = −2
∑
i

∫
Mx,k

|∇d(w, z)|2

d(w, z)
ϕ′
(
d(w, z)

r

)
⟨∂v(Nx,k)i(z), (Nx,k)i(z)⟩ dHm(z),

(10.7)

|∂vLx,k(w, r)| ≤ Cm
1/2
x,k ∥v∥C0 (Hx,k(w, r)∂rDx,k(w, r))

1/2

(10.8)
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Proof. The proof of (10.5) and (10.7) can be found in [DLS23a, Lemma 11.4]. To see the
validity of (10.8), omitting dependency on x, k for simplicity, we simply write

∂vL(w, r) =

Q∑
i=1

m∑
l=1

(−1)l+1

∫
M
⟨DξlNi(z)∧ξ̂l(z)∧Ni, dω(z)⟩ϕ′

(
d(w, z)

r

)
∇d(w, z)

r
·v(z) dHm(z).

Combining with an application of Cauchy-Schwarz, this in turn yields the estimate

|∂vL(w, r)| ≤ C∥dω∥C0(B
γk

(x))∥v∥C0 (H(w, r)∂rD(w, r))1/2 .

Recalling (2.6), the conclusion follows immediately. □

Proof of Lemma 10.3. The majority of the proof follows in the same way as that of [DLS23b,
Lemma 5.4] (cf. [DLS23b, Lemma 11.3]), but due to the additional error terms present when
T is semicalibrated, we repeat the full argument here.

We will as usual omit dependency on x, k for all objects. Let x1, x2 be as in the statement
of the lemma and let w lie in the geodesic segment [x1, x2] ⊂ M. Given a continuous vector
field v on M and ρ ∈ (8ηγ, 1], we have

∂vI(w, ρ) =
ρ(∂vD(w, ρ) + ∂vL(w, ρ))

H(w, ρ)
− I(w, ρ)∂vH(w, ρ)

H(w, ρ)
.

Let µw be the measure on M with density

dµw(z) = −|∇d(w, z)|
d(w, z)

ϕ′
(
d(w, z)

r

)
dHm(z).

Now let

ηw(z) := d(w, z)
∇d(w, z)

|∇d(w, z)|
=

d(w, z)

|∇d(w, z)|
νw(z),

and choose v to be the vector field

v(z) = d(x1, x2)
∇d(x1, z)

|∇d(x1, z)|
.

Applying Lemma 10.4 with this choice of v and exploiting the estimates of Lemma 9.6, for
each ρ = rγ−k ∈ (8ηγ, 1] we have

∂vI(w, ρ) =
2

H(w, ρ)

∫
M

∑
i

⟨∂ηwNi, ∂vNi⟩ dµw − 2I(w, ρ)

H(w, ρ)

∫
M

|∇d(w, ·)|
∑
i

⟨∂vNi, Ni⟩ dµw

+ Cm1/2ρ2H(w, ρ)−1/2(∂ρD(w, ρ))1/2 + Cmγ4ργ4 .

Now observe that v parameterizes the geodesic line segment [x1, x2] ⊂ M. Thus,

∂vNi(z) = d(x1, z)
∇d(x1, z)

|∇d(x1, z)|
DNi(z)− d(x2, z)

∇d(x2, z)

|∇d(x2, z)|
DNi(z)

= ∂ηx1Ni(z)− ∂ηx2Ni(z)

=
(
∂ηx1Ni(z)− I(x1, d(x1, z))Ni(z)

)︸ ︷︷ ︸
:=E1,i

−
(
∂ηx2Ni(z)− I(x2, d(x2, z))Ni(z)

)︸ ︷︷ ︸
:=E2,i

+ I(x1, d(x1, z))− I(x2, d(x2, z))︸ ︷︷ ︸
:=E3

Ni(z).
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Combining this with the above calculation and once again the estimates in Lemma 9.6, we
therefore obtain

∂vI(w, ρ) =
2

H(w, ρ)

∫
M

∑
i

⟨∂ηwNi, E1,i − E2,i⟩ dµw − 2
I(w, ρ)

H(w, ρ)

∫
M

|∇d(w, ·)|
∑
i

⟨E1,i − E2,i, Ni⟩dµw

+
2

H(w, ρ)

∫
M

E3
∑
i

⟨∂ηwNi, Ni⟩ − 2
I(w, ρ)

H(w, ρ)

∫
M

|∇d(w, ·)|E3
∑
i

|Ni|2dµw

+ Cm1/2ρ2H(w, ρ)−1/2(∂ρD(w, ρ))1/2 + Cmγ4ργ4

=
2

H(w, ρ)

∫
M

∑
i

⟨∂ηwNi, E1,i − E2,i⟩dµw − 2
I(w, ρ)

H(w, ρ)

∫
M

|∇d(w, ·)|
∑
i

⟨Ni, E1,i − E2,i⟩dµw

+
2E3

H(w, ρ)

(∫
M

∑
i

⟨∂ηwNi, Ni⟩dµw − ρD(w, ρ)

)
+ Cmγ4ργ4I(w, ρ).

where in the last inequality, we have used that ∂ρD(ρ) ≤ 1
rD(ρ) and (9.3). Recalling that we

aim to control the spatial frequency variation in terms of frequency pinching at the endpoints
x1 and x2, let us rewrite E3 in the following form:

E3 ≤ | (I(x1, d(x1, z))− I(x1, ρ)) |+ | (I(x1, ρ)− I(x2, ρ)) |+ | (I(x2, ρ)− I(x2, d(x2, z))) |

= W γkd(x1,z)
r (y1) +W r

γkd(x2,z)
(y2) + |I(x1, ρ)− I(x2, ρ)|.

Combining this with the Cauchy-Schwartz inequality and the estimates in Lemma 9.6, we have

∂vI(w, ρ) ≤ C

[∫ ∑
i

(
|E1,i|2 + |E2,i|2

)
dµw

]1/2 1

H(w, ρ)

[∫ ∑
i

|∂ηwNi|2dµw

]1/2
+

I(w, ρ)

H(w, ρ)1/2


+ Cmγ4ρ1+γ4 |I(x1, ρ)− I(x2, ρ)|

H(w, ρ)
(D(w, ρ) + |L(w, ρ)|)

+ Cmγ4ρ1+γ4
W

γkd(x1,z)
r (y1) +W r

γkd(x2,z)
(y2)

H(w, ρ)
(D(w, ρ) + |L(w, ρ)|)

+ Cmγ4ργ4

≤ C

[∫ ∑
i

(
|E1,i|2 + |E2,i|2

)
dµw

]1/2 1

H(w, ρ)

[∫ ∑
i

|∂ηwNi|2dµw

]1/2
+

I(w, ρ)

H(w, ρ)1/2


+ Cmγ4ργ4

(
|I(x1, ρ)− I(x2, ρ)|+W γkd(x1,z)

r (y1) +W r
γkd(x2,z)

(y2)
)

+ Cmγ4ργ4

Applying Proposition 10.2, for ℓ = 1, 2 we further have∫ ∑
i

|Eℓ,i|2 dµw = −
∫ ∑

i

|Eℓ,i|2(z)
|∇d(w, z)|
d(w, z)

ϕ′
(
d(w, z)

ρ

)
dHm(z)

≤ CH(xℓ, 2ρ)(W
4r
r/8(yℓ) +mγ4ργ4).
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Together with the doubling estimate (9.7) (which applies since d(xℓ, w) ≤ ρ) and the uniform
upper frequency bound (9.3), we thus obtain the estimate

∂vI(w, ρ) ≤ C
[
(W 4r

r/8(y1) +mγ4ργ4)1/2 + (W 4r
r/8(y2) +mγ4ργ4)1/2

]
+ Cmγ4ργ4 .

≤ C
[
W 4r

r
8
(y1)

1/2 +W 4r
r
8
(y2)

1/2
]
+ Cmγ4/2ργ4/2.

Integrating this inequality over the geodesic segment [z1, z2] ⊂ M, the proof is complete.
□

11. Quantitative spine splitting

Following the notation of [DLS23b], for a finite set of points X = {x0, . . . , xk} we let V (X)
denote the affine subspace given by

V (X) := x0 + span ({x1 − x0, . . . , xk − x0}) .

We recall the following quantitative notions of linear independence and spanning, first introduced
in [DLMSV18].

Definition 11.1. We say that a set X = {x0, x1, . . . , xk} ⊂ Br(w) is ρr-linearly independent
if

d(xi, V ({x0, . . . , xi−1})) ≥ ρr for all i = 1, . . . , k

We say that a set F ⊂ Br(w) ρr-spans a k-dimensional affine subspace V if there is a ρr-linearly
independent set of points X = {xi}ki=0 ⊂ F such that V = V (X).

We have the following two quantitative splitting results (cf. [DLS23b, Section 6]).

Lemma 11.2. Suppose that T is as in Theorem 8.4 and let ρ, ρ̄ ∈ (0, 1], ρ̃ ∈ (η, 1] be given
radii. There exists ε∗ = ε∗(m,n,Q, γ,K, ρ, ρ̃, ρ̄) > 0 such that for ε4 ≤ ε∗, the following
holds. Suppose that for some x ∈ S and r ∈ [γk+1, γk], there exists a collection of points
X = {xi}m−2

i=0 ⊂ Br(x) ∩S satisfying the properties

• X is ρr-linearly independent;
• the nearest points zi to xi such that γ−k(zi − x) ∈ Mx,k satisfy

W 2r
ρ̃r (x, j(k), zi) < ε∗.

Then S ∩ (Br \Bρ̄r(V (X))) = ∅.

Lemma 11.3. Suppose that T is as in Theorem 8.4, and let ρ, ρ̄ ∈ (0, 1], ρ̃ ∈ (η, 1] be given
radii. For any δ > 0, there exists ε† = ε†(m,n,Q, γ,K, ρ, ρ̃, ρ̄, δ) ∈ (0, ε∗] such that for ε4 ≤ ε†,
the following holds. Suppose that for some x ∈ S and r ∈ [γk+1, γk], there exists a collection of
points X = {xi}m−2

i=0 ⊂ Br(x) ∩S satisfying the properties

• X is ρr-linearly independent;
• the nearest points zi to xi such that γ−k(zi − x) ∈ Mx,k satisfy

W 2r
ρ̃r (x, j(k), zi) < ε†.

Then for each ζ1, ζ2 ∈ Br(x) ∩Bε†r(V (X)) and each pair of radii r1, r2 ∈ [ρ̄, 1], letting wj

denote the nearest point to γ−k(ζj − x) that belongs to Mx,k, the following estimate holds:

|Ix,k(w1, r1)− Ix,k(w2, r2)| ≤ δ.
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Given the compactness argument in Section 2.1, the proof of both Lemma 11.2 and Lemma
11.3 follows in exactly the same way as that of [DLS23b, Lemma 6.2, Lemma 6.3] respectively.
We therefore omit the arguments here.

12. Jones’ β2 control and rectifiability

In this section, we combine all of the previous estimates of the preceding sections in this
part, in order to gain control on Jones’ β2 coefficients associated to the measure Hm−2 S,
providing a quantitative L2-flatness control on the flat density Q singularities of T with degree
strictly larger than 1.

We begin by recalling the following definition.

Definition 12.1. Given a Radon measure µ on Rm+n, we define the (m− 2)-dimensional
Jones’ β2 coefficient of µ as

βm−2
2,µ (x, r) := inf

affine (m− 2)-planes L

[
r−(m−2)

∫
Br(x)

(
dist(y, L)

r

)2

dµ(y)

]1/2
.

We have the following key estimate on βm−2
2,µ for a measure µ supported on S.

Proposition 12.2. There exist α0 = α0(m,n,Q) > 0, η̂ = η̂(m) ∈ (0, 18), ε̂ = ε̂(m,n,Q,K) ∈
(0, ε†], C(m,n,Q,K) > 0 with the following property. Suppose that ε4 ∈ (0, ε̂], η ∈ (0, η̂] and
let T and S be as in Theorem 8.4. Suppose that µ is a finite non-negative Radon measure with
spt(µ) ⊂ S and let x0 ∈ S. Then for all r ∈ (8ηγk+1, γk] we have

[βm−2
2,µ (x0, r/8)]

2 ≤ Cr−(m−2)

∫
Br/8(x0)

W 4r
r/8 (x0, k,px0,k(x)) dµ(x)

+ Cmα0
x0,k

r−(m−2−α0)µ(Br/8(x0)).

With the estimates of Proposition 10.2, Lemma 9.6 and Lemma 10.3 at hand, the proof of
Proposition 12.2 follows by exactly the same reasoning as that of [DLS23b, Proposition 7.2] (cf.
[DLS23b, Proposition 13.3]). We thus simply refer the reader to the argument therein.

12.1. Proof of Theorem 8.4. The proof of rectifiability and the content bound (8.4) follows
via the same procedure as that in [DLS23b], crucially making use of Proposition 12.2, the
quantitative splitting results of Section 11 and the BV estimate of Proposition 9.2. Note that
in order to establish the rectifiability alone, one may make use of [DLF23] in place of the
rectifiable Reifenberg arguments of Naber-Valtorta, but this does not allow one to obtain the
Minkowski content bound (8.4). We do not include the details here.

Part 3. Points with singularity degree 1

In this part we conclude the proof of the main result of this work, Theorem 1.2, by showing
rectifiability of the remaining part of FQ(T ), as well as the Hm−2-uniqueness of tangent cones.
Namely, we prove Theorem 3.4. We follow the same outline as in [DLMS23]; a key preliminary
result is a decay theorem for the excess to (m−2)-invariant cones formed from superpositions of
planes, whenever T is much closer to such a cone than any single plane, under the assumption
of no density gaps for T near the spines of such cones. Before coming to the statement of this
theorem, let us first recall some notation introduced in [DLMS23]. We begin by defining the
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cones of interest. As done in the other parts, we will merely point out the differences with loc.
cit, and explain the changes needed.

Definition 12.3. Let Q ≥ 2 be a fixed integer. We denote by C (Q) those subsets of Rm+n

which are unions of 1 ≤ N ≤ Q m-dimensional planes (affine subspaces) π1, . . . , πN for which
πi ∩ πj is the same (m− 2)-dimensional plane V for every pair of indices (i, j) with i < j.

We will use the notation P for the subset of those elements of C (Q) which consist of a single
plane; namely, with N = 1. For S ∈ C (Q) \ P, the (m− 2)-dimensional plane V described in
(i) above is referred to as the spine of S and will often be denoted by V (S).

Let us now recall the conical L2 height excess between T and elements in C (Q).

Definition 12.4. Given a ball Br(q) ⊂ Rm+n and a cone S ∈ C (Q), the one-sided conical L2

height excess of T relative to S in Br(q), denoted Ê(T,S,Br(q)), is defined by

Ê(T,S,Br(q)) :=
1

rm+2

∫
Br(q)

dist2(p,S) d∥T∥(p).

At the risk of abusing notation, we further define the corresponding reverse one-sided excess as

Ê(S, T,Br(q)) :=
1

rm+2

∫
Br(q)∩S\Bar(V (S))

dist2(x, spt (T )) dHm(x) ,

where a = a(Q,m) is a geometric constant, to be determined later (see the discussion preceding
Remark 14.4). The two-sided conical L2 height excess is then defined by

E(T,S,Br(q)) := Ê(T,S,Br(q)) + Ê(S, T,Br(q)) .

We finally recall the notion of planar L2 height excess, is given by

Ep(T,Br(q)) = min
π∈P(q)

Ê(T, π,Br(q)) .

We may now state our key excess decay theorem. This is based on the excess decay theorem
[Sim93, Lemma 1], but in the latter, there is a built-in multiplicity one assumption, ruling out
branch point singularities a priori. Such a decay theorem was more recently proven in [Wic14]
(see Section 13 therein and also [KW17, Lemma 5.6 and Lemma 12.1] and [MW24, Theorem
3.1]) in a higher multiplicity setting for stable minimal hypersurfaces, but in codimension 1,
where one has a sheeting theorem. On the other hand, our version of this theorem is both
in a higher multiplicity and higher codimension setting, thus requiring new techniques as in
[DLMS23] that overcome the lack of sheeting.

Throughout this part, we will often work with error terms involving the quantity ∥dω∥C0 ,
where ω is as in Assumption 2.2. Thus, for the purpose of convenience, we will henceforth use
the notation

Ω := ∥dω∥C0(B6
√
m).

Theorem 12.5 (Fine Excess Decay Theorem). Let δ3 =
δ2
2 , for the positive parameter

δ2 fixed as in [Spo19] (cf. Parts 1 and 2). For every Q,m, n, and ς > 0, there are positive
constants ε0 = ε0(Q,m, n, ς) ≤ 1

2 , r0 = r0(Q,m, n, ς) ≤ 1
2 and C = C(Q,m, n) > 0 with the

following property. Assume that

(i) T and ω are as in Assumption 2.1;
(ii) ∥T∥(B1) ≤ (Q+ 1

2)ωm;
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(iii) There is S ∈ C (Q) \ P such that

(12.1) E(T,S,B1) ≤ ε20E
p(T,B1)

and

(12.2) Bε0(ξ) ∩ {p : Θ(T, p) ≥ Q} ≠ ∅ ∀ξ ∈ V (S) ∩B1/2 ;

(iv) Ω2−2δ3 ≤ ε20E(T,S′,B1) for any S′ ∈ C (Q).

Then there is a S′ ∈ C (Q) \ P such that

(a) E(T,S′,Br0) ≤ ςE(T,S,B1)

(b)
E(T,S′,Br0)

Ep(T,Br0)
≤ 2ς

E(T,S,B1)

Ep(T,B1)

(c) dist2(S′ ∩B1,S ∩B1) ≤ CE(T,S,B1)

(d) dist2(V (S) ∩B1, V (S′) ∩B1) ≤ C
E(T,S,B1)

Ep(T,B1)
.

With Theorem 12.5 at hand, the conclusion of Theorem 3.4 follows by combining it with a
covering procedure analogous to the one in [Sim93]; see [DLMS23, Section 14] for the details.

12.2. Outline of proof of Theorem 12.5. The proof of Theorem 12.5 follows the same
outline as that of [DLMS23, Theorem 2.5]. We first establish an L2−L∞ height bound and tilt
excess estimate, analogous to [DLMS23, Theorem 3.2]. However, all instances of A in the error
terms are replaced by Ω and Ω1−δ3 in the height bound and tilt excess estimate respectively.
This will be done in Section 13. In Section 14 we then use the height bound to verify that the
graphical parameterization results of [DLMS23, Section 8] relative to balanced cones in C (Q)
(see Definition 14.1) still hold true when T is semicalibrated, again with A replaced by Ω1−δ3

in the errors. In Section 15 we provide the analogues of the cone balancing results of [DLMS23,
Section 9], which are required in order to guarantee the hypotheses on the cones S ∈ C (Q)
in order to build the graphical parameterizations of the preceding section. In Section 16 we
then verify that the Simon estimates at the spine [DLMS23, Section 11] remain valid; the key
difference is again the fact that all appearances of A in the errors become Ω1−δ3 . In Section 17,
we conclude with a final blow-up procedure, analogous to that in [DLMS23, Section 13].

13. L2 − L∞ height bound

In this section we establish Allard-type tilt-excess and L∞ estimates relative to disjoint
collections of parallel planes, analogous to those in [DLMS23, Part 1], but for the class of
semicalibrated currents. For the remainder of this section, we make the following additional
assumption.

Assumption 13.1. Q, m ≥ 3, n ≥ 2 are fixed positive integers. T and ω are as in Assumption
2.2. For some oriented m-dimensional plane π0 ≡ Rm×{0} ⊂ Rm+n passing through the origin
and some positive integer Q, we have

(pπ0)♯T C2 = QJB2K ,

and ∥T∥(C2) ≤ (Q+ 1
2)ωm2m.

The main result of this section is the following (note that a scaling argument gives the
corresponding estimates for arbitrary centers and scales).
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Theorem 13.2 (L∞ and Tilt-Excess Estimates). For every 1 ≤ r < 2, Q, and N , there is
a positive constant C̄ = C̄(Q,m, n,N, r) > 0 with the following property. Suppose that T , ω and
π0 are as in Assumption 13.1, let p1, . . . , pN ∈ π⊥

0 be distinct points, and set π :=
⋃

i pi + π0.
Let

(13.1) E :=

∫
C2

dist2(p,π) d∥T∥(p) .

Then

(13.2) E(T,Cr, π0) ≤ C̄(E +Ω2)

and, if E ≤ 1,

(13.3) spt(T ) ∩Cr ⊂ {p : dist(p,π) ≤ C̄(E1/2 +Ω1−δ3)} .

A consequence of Theorem 13.2 is the following, which replaces [DLMS23, Corollary 3.3].

Corollary 13.3. Let N be a positive integer. There is a positive constant δ = δ(Q,m, n,N)
with the following properties. Assume that:

(i) T and ω are as in Assumption 2.2, and for some positive r ≤ 1
4 and q ∈ spt(T ) ∩B1

we have
• ∂T C4r(q) = 0;
• (pπ0)♯T C4r(q) = QJB4r(q)K;
• ∥T∥(C2r(q)) ≤ ωm(Q+ 1

2)(2r)
m;

(iii) p1, . . . , pN ∈ Rm+n are distinct points with pπ0(pi) = q and κ := min{|pi − pj | : i < j};
(iv) π1, . . . , πN are oriented planes passing through the origin with

(13.4) τ := max
i

|πi − π0| ≤ δmin{1, r−1κ} ;

(v) Upon setting π =
⋃

i(pi + πi), we have

(rΩ)2 + (2r)−m−2

∫
C2r(q)

dist2(p,π)d∥T∥ ≤ δ2min{1, r−2κ2} .(13.5)

Then T Cr(q) =
∑N

i=1 Ti where

(a) Each Ti is an integral current with ∂Ti Cr(q) = 0;
(b) dist(q,π) = dist(q, pi + πi) for each q ∈ spt(Ti);
(c) (pπ0)♯Ti = QiJBr(q)K for some non-negative integer Qi.

The proof of Corollary 13.3 follows verbatim the one of [DLMS23, Corollary 3.3], replacing
[DLS16a, Lemma 1.6] with [Spo19, Lemma 2.2].

We now recall the notion of non-oriented tilt-excess, previously introduced in [DLHMS20,
DLMS23]. More precisely, given an m-dimensional plane π and a cylinder C = Cr(q, π), recall
that the non-oriented tilt excess is given by

(13.6) Eno(T,C) :=
1

2ωmrm

∫
C
|pT − pπ|2 d∥T∥ ,

where T (x) denotes the (approximate) tangent plane to T at x. Note that here, neither plane
is oriented for the projections. In particular, we have Eno(T,C) ≤ CE(T,C). In contrast, the
reverse inequality is more subtle due to possible cancellation phenomena. Nonetheless, we have
the following for semicalibrated currents.
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Proposition 13.4. For every 1 ≤ r < 2 there is a constant C̄ = C̄(Q,m, n, r) such that, if T ,
and ω are as in Assumption 13.1, then

(13.7) E(T,Cr) ≤ C̄(Eno(T,C2) + Ω2) .

The proof of this follows that of [DLMS23, Proposition 4.1] (see also [DLHMS20, Theorem
16.1]), replacing the height bound [DLS16a, Theorem A.1] with [Spo19, Theorem 1.4] in the
case in which the supports of the currents are not equibounded. Furthermore, instead of
Almgren’s strong Lipschitz approximation for area-minimizing integral currents, we invoke
its variant [DLSS18, Theorem 1.4] for Ω-minimal currents (see Definition 1.1 therein). One
can then refine the approximation in the same way to deduce the desired contradiction, and
conclude the proof.

In the case N = 1, the conclusions of Theorem 13.2 are given by Allard’s tilt excess estimate
for varifolds with bounded generalized mean curvature (see [DL18, Proposition 4.1]), together
with [Spo19, Lemma 1.7]. It suffices to verify that the generalized mean curvature of T can be
controlled uniformly by Ω, which indeed is the case by the following reasoning. Recall that T
satisfies the first variation identity (2.3) for any test vector field χ ∈ C∞

c (B6
√
m;Rm+n). Thus,

after applying the Riesz Representation Theorem, we infer

−
∫

χ · H⃗T d∥T∥ = T (dω χ) =

∫
⟨dω χ, T⃗ ⟩ d∥T∥ ≤ ∥dω∥C0

∫
|χ| d∥T∥.

Taking the supremum in the above, and recalling the definition of L∞ norm in terms of its dual
L1 norm (both with respect to the local Radon measure ∥T∥), we deduce that the generalized

mean curvature vector H⃗T of T satisfies the estimate

(13.8) ∥H⃗T ∥L∞(B6
√
m,∥T∥) ≤ ∥dω∥C0(B6

√
m) = Ω .

Note that the error term in the latter is indeed quadratic in Ω, unlike Theorem 1.5 therein. In
addition, note that [Spo19, Lemma 1.7] does not require any smallness on the tilt excess.

Proposition 13.5 (N = 1 case of Theorem 13.2). Theorem 13.2 holds when N = 1, for
any Q and N .

The remainder of this section is dedicated to the proof of Theorem 13.2. First of all, observe
that the results of [DLMS23, Section 4.4], handling the proof of Theorem 13.2 in the case
where the planes in π are well-separated, remain valid when T is semicalibrated. Indeed,
they are all either reliant on the following variant of [DLMS23, Lemma 4.7], or are proven by
analogous reasoning to it.

Lemma 13.6. For every 1 ≤ r̄ < 2 there is a constant σ2 = σ2(Q,m, n, 2− r̄) > 0 with the
following property. Let T and ω be as in Assumption 13.1, suppose that p1, . . . , pN ∈ π⊥

0 are
distinct points, and let π :=

⋃
i pi + π0. Assume that E is as in (13.1), let H := min{|pi − pj | :

i ̸= j} and suppose that

(13.9) E ≤ σ2 and H ≥ 1 .

Then

(13.10) spt (T ) ∩Cr̄ ⊂ {q : dist(q,π) ≤ H
4 },

and, in particular, all the conclusions of Theorem 13.2 hold in Cr̄.
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We defer the reader to [DLMS23] for the proof of this, which remains completely unchanged
in the setting herein, in light of the almost-monotonicity of mass ratios that holds for all
almost-minimizing currents (see, for instance, [DLSS17b, Proposition 2.1]).

As in [DLMS23], we then prove the estimates (13.2) and (13.3) separately. For the former,
we need two approximate estimates on the oriented tilt-excess; [DLMS23, Lemma 5.1] and
[DLMS23, Proposition 5.2], but rewritten for a semicalibrated current in Rm+n, in which case
the all instances of A are replaced with Ω. More precisely, the former estimate reads as follows.

Lemma 13.7. For every pair of radii 1 ≤ r < R ≤ 2 there are constants C̄ = C̄(Q,m, n,R−
r) > 0 and γ = γ(Q,m, n) > 0 such that the following holds. Let T and ω be as in Assumption
13.1 and let π, E, H be as in Lemma 13.6. Then

(13.11) E(T,Cr) ≤ C̄(E +Ω2) + C̄

(
E

H2

)γ

E(T,CR) + C̄E(T,CR)
1+γ .

Observe that the majority of the proof of [DLMS23, Lemma 5.1] is in fact written for

currents with bounded generalized mean curvature with ∥H⃗T ∥L∞ ≤ CA, where A is the second
fundamental form of the ambient Riemannian manifold. Thus, armed instead with the estimate
(13.8) (which allows us to replace A2 by Ω2) and replacing the use of Almgren’s strong excess
estimate with [DLSS18, Theorem 4.1] we are able to follow the proof verbatim, obtaining the
desired estimate (13.11). Note that, analogously to [DLMS23], we may indeed apply [DLSS18,
Theorem 4.1] since we may assume that the tilt excess E(T,Cr2) falls below the threshold ε21
therein, for r2 = 2R+r

3 as in the proof of [DLMS23, Lemma 5.1]. Indeed, the reasoning for this
remains unchanged, given Lemma 13.6 (in place of [DLMS23, Lemma 4.7]). The estimate of
Lemma 13.7 in turn yields the following bootstrapped estimate, under the assumption that E
is sufficiently small relative to the minimal separation of the planes in π, which is the analogue
of [DLMS23, Proposition 5.2].

Proposition 13.8. For every pair of scales 1 ≤ r < r0 < 2, there are constants C̄ =
C̄(Q,m, n,N, r0 − r, 2− r0) > 0 and σ4 = σ4(Q,m, n,N, r0 − r, 2− r0) > 0 with the following
properties. Let T and ω be as in Assumption 13.1 and let π, E, H be as in Lemma 13.6. If in
addition we have

(13.12) E ≤ σ4min{H2, 1} ,

then

(13.13) E(T,Cr) ≤ C̄(E +Ω2) + C̄

(
E

H2

)
E(T,Cr0) .

Observe that the proof of Proposition 13.8 remains unchanged, given Lemma 13.7, Proposition
13.5 and the semicalibrated analogues of the results from [DLMS23, Section 4.4] (recall the
discussion above regarding the latter).

13.1. Tilt excess estimate. Given Proposition 13.8 and the combinatorial lemmas of
[DLMS23, Section 4.3], the tilt excess estimate (13.2) of Theorem 13.2 follows exactly as in
[DLMS23, Section 5.3].

13.2. L2 − L∞ height bound. Following [DLMS23], the proof of the L∞-bound (13.3) is
proven by induction on N , relying on the validity of the tilt excess estimate (13.2) that we
have just established.



SINGULARITIES AND TANGENT CONES FOR SEMICALIBRATED CURRENTS 39

Proposition 13.9. Let N ≥ 2 and suppose that (13.3) holds for any N ′ ≤ N − 1 and any
Q′ ≤ Q. Then it holds for N and Q.

The key to the proof of Proposition 13.9 is the following adaptation of [DLMS23, Lemma
6.2] to the semicalibrated setting.

Lemma 13.10. There are constants ρ0 = ρ0(m,n,Q) > 0 and C = C(Q,m, n) > 0 such
that, for every fixed 0 < ρ ≤ ρ0, there are σ5 = σ5(Q,m, n,N, ρ) ∈ (0, 1] and 0 < β0 =
β0(Q,m) < 1 such that the following holds. Assume T , E, and π are as in Theorem 13.2 with
P = {p1, . . . , pN} and that

(13.14) E +Ω2−2δ3 ≤ σ5.

Then there is another set of points P ′ := {q1, . . . , qN ′} with N ′ ≤ Q such that:

(A) dist(qi, P ) ≤ C(E +Ω2−2δ3)1/2 for each i;
(B) If we set π′ :=

⋃
(qi + π0), then

(13.15)

∫
C2ρ

dist2(x,π′) d∥T∥(x) ≤ ρm+2β0(E +Ω2−2δ3).

Given Lemma 13.10, Proposition 13.5, the combinatorial lemma [DLMS23, Lemma 4.5]
and [DLMS23, Lemma 4.9], the proof of Proposition 13.9 follows exactly by exactly the same
reasoning as that in [DLMS23], so we omit this concluding argument here. Observe that
the semicalibrated analogue of [DLMS23, Lemma 4.9] follows by making the same minor
modifications to the proof as those in Lemma 13.6; see the discussion there for more details.

The main difference in the proof of Lemma 13.10 relative to its counterpart in the area-
minimizing setting is the application of [DLSS18, Theorem 3.1], which yields a nearby harmonic
approximation for a given strong Lipschitz approximation to T as given by [DLSS18, Theorem

1.4]. To apply the former, instead of checking the hypothesis A ≤ E1/4+δ̄ (as is done in the

area-minimizing case), we need to make sure that Ω ≤ ε23E
1/2, for the geometric constant ε23

therein (with η1 fixed appropriately). We thus need to amend the case analysis within the
proof of Lemma 13.10 accordingly, and so we provide an outline of the proof here, for the
benefit of the reader.

Proof of Lemma 13.10. As in [DLMS23, Lemma 6.2], we divide the proof in two cases, only
here it will be based on the relative sizes of E := E(T,C1) and Ω2. Note that now we have
the validity of the tilt-excess estimate (13.2), i.e. E ≤ C(E +Ω2). Thus, for σ5 small enough
(depending on Q,m, n), we may assume that E < ε21, where ε21 is as in [DLSS18, Theorem
1.4], allowing us to obtain a map f : B1/4(0, π0) → AQ(π

⊥
0 ) satisfying

(i) Lip (f) ≤ CEβ ≤ C(E +Ω2)β;
(ii) There is a closed set K ⊂ B1/4 with Hm(K) ≤ 1

2H
m(B1/4) such that Gf (K × Rn) =

T (K × Rn) and

∥T∥((B1/4 \K)× Rn) ≤ C(E+Ω2)1+β ≤ C(E +Ω2)1+β ;

where C = C(Q,m, n), β = β(Q,m, n) ∈ (0, 1
2m) and we have used (13.2) to obtain the

estimates in terms of E. This in turn yields∫
B1/4

|Df |2 ≤ C

∫
K
|Df |2 + C(E+Ω2)1+β(13.16)

≤ CE+ C(E +Ω2)1+β ≤ C(E +Ω2) .(13.17)
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Fix ρ0 ∈ (0, 18) to be determined at the end of Case 1 below, and fix ρ ∈ (0, ρ0] arbitrarily.
Fix η1, also to be determined at the end of Case 1 (dependent on Q,m, n, ρ). Let ε23 denote
the parameter of [DLSS18, Theorem 3.1], applied in C1 with this η1 and the map f above
taken to be the Eβ-approximation therein. Note that, in particular, ε23 depends on η1 and thus
on ρ. We may take σ5 even smaller such that that E < ε23 (now additionally depending on ρ).

Case 1: Ω2 ≤ ε23(ρ)E.
Applying [DLSS18, Theorem 3.1] as mentioned above, we obtain a Dir-minimizer g :

B1/4(0, π0) → AQ(π
⊥
0 ) satisfying∫

B1/4

G(f, g)2 ≤ η1ωmE;∫
B1/4

|Dg|2 ≤ C(E +Ω)2 .

We then proceed as in [DLMS23, Proof of Lemma 6.2, Case 1], letting qi := gi(0), where gi
are the distinct functions in a selection for g (possibly with multiplicities) and propagating the
decay coming from the α-Hölder regularity of this Dir-minimizer g to T . This choice of qi
satisfy the desired estimate (A), and we further arrive at the final estimate∫

C2ρ

dist2(x,π′) d∥T∥(x) ≤ Cσβ
5 (E +Ω2) + Cη1(E +Ω2) + Cρm+2α(E +Ω2) ,

where C = C(Q,m, n). Note that α = α(Q,m) and let β0 =
α
2 . Now choose ρ0 ≤ (3C)

1
α and

η1 ≤ ρm+2β0

3C . Given this choice of η1, we may now further take σ5 ≤
(
ρm+2β0

3C

) 1
β
. This yields

the estimate (B), therefore completing the proof in this case. Note that we are now fixing this
choice of η1(ρ), and therefore also fixing ε23(ρ), throughout this proof.

Case 2: Ω2 > ε23(ρ)E
In this case, we use the estimate (13.16) combined with the assumption, to obtain∫

B1/4

|Df |2 ≤ CE+ C(E+Ω2)1+β ≤ C(E+Ω2+2β) ≤ Cε−2
23 σ

2δ3
5 Ω2−2δ3 .

Combining this with the Poincaré inequality for Q-valued functions, and Hölder’s inequality,
we infer

(13.18)

∫
B1/4

G(f, Y ) ≤ Cε−2
23 σ

2δ3
5 Ω2−2δ3 ,

for some point Y =
∑

iQiJqiK ∈ AQ, where the qi are distinct. Setting π′ :=
⋃

i(qi + π0) and
combining (13.18) with (ii) and [DLMS23, Lemma 4.8] (which, as previously remarked, remains
valid here, since merely almost-monotonicity of mass ratios in place of monotonicity suffices)
we thus have∫

C2ρ

dist2(x,π′) d∥T∥(x) ≤ Cε−2
23 σ

2δ3
5 Ω2−2δ3 + ∥T∥((B1/4 \K)× Rn) ≤ Cε−2

23 σ
2δ3
5 Ω2−2δ3 ,
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where K ⊂ B1/4 is the closed set over which T over which T is graphical, as in [DLSS18,

Theorem 1.4]. In particular, for β0 fixed as in Case 1, we may choose σ5 ≤
(
ε223ρ

m+2β0

C

) 1
2δ3 .∫

C2ρ

dist2(x,π′) d∥T∥(x) ≤ ρm+2β0Ω2−2δ3 .

This proves conclusion (B) of the lemma, in this case. Given (13.18), the proof of (A) in this
regime follows in the same way as in [DLMS23, Lemma 6.2]. □

Remark 13.11. Note that Lemma 13.10 is the reason behind the fact that we have Ω2−2δ3 in
our error estimates in Theorem 13.2, and thus throughout the majority of Part 3, rather than
Ω2. Indeed, notice that Case 2 in the proof above requires the tilt excess of T to be sufficiently
small relative to the relevant power of Ω; this cannot be ensured if such a power is quadratic.
However, at the cost of decreasing this power slightly, we obtain the desired conclusion.

14. Graphical approximations

Given Theorem 13.2, the graphical approximation results of [DLMS23, Section 8] relative
to a balanced cone follow immediately, after merely replacing any application of Almgren’s
strong Lipschitz approximation [DLS14, Theorem 1.4] with its semicalibrated variant [DLSS18,
Theorem 1.4]. We provide the main conclusions here, for clarity.

Let us begin by recalling the notions of Morgan angles and M -balanced cones, which are key
for the results in this section.

Definition 14.1. Given two m-dimensional linear subspaces α, β of Rm+n whose intersection
has dimension m− 2, we consider the two positive eigenvalues λ1 ≤ λ2 of the quadratic form
Q1 : α → R given by Q1(v) := dist2(v, β). The Morgan angles of the pair α and β are the
numbers θi(α, β) := arcsin

√
λi for i = 1, 2.

Let M ≥ 1, N ∈ N. We say that S = α1 ∪ · · · ∪ αN ∈ C (Q) is M -balanced if for every i ̸= j,
the inequality

(14.1) θ2(αi, αj) ≤ Mθ1(αi, αj)

holds for the two Morgan angles of the pair αi, αj .

Remark 14.2. As communicated to us by F. Morgan, the notion of Morgan angles dates back
to Cimille [Jor75], cf. [Mor16, 4.1] for further details.

Furthermore, for S = α1 ∪ · · · ∪ αN ∈ C (Q), recall the following notation for the minimal
separation between the planes in S:

(14.2) σ(S) := min
1≤i<j≤N

dist(αi ∩B1, αj ∩B1) .

We additionally recall the layering subdivision of [DLMS23, Lemma 8.3]. More precisely,
we apply [DLMS23, Lemma 8.3] with a parameter δ̄, to be fixed in Assumption 14.3 below,
in place of δ therein. This yields a family of sub-cones S = S0 ⊋ S1 ⊋ · · · ⊋ Sκ where Sk

consists of the union of the planes αi with i ∈ I(k) for the set of indices I(k) therein. We then
distinguish two cases:

(a) if maxi<j∈I(κ) dist(αi ∩B1, αj ∩B1) < δ̄, we define an additional cone Sκ+1 consisting
of a single plane, given by the smallest index in I(κ) and we set κ̄ := κ + 1 and
I(κ̄) := {min I(κ)};
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(b) otherwise, we select no smaller cone and set κ̄ := κ.

In this section, we work with the following underlying assumption.

Assumption 14.3. Suppose T and ω are as in Assumption 2.1 and ∥T∥(B4) ≤ 4m(Q+ 1
2)ωm.

Suppose S = α1 ∪ · · · ∪ αN ∈ C (Q) \P is M -balanced, where M ≥ 1 is a given fixed constant.
Firstly, we denote by δ∗ the minimum of the parameters δ needed to ensure that the

semicalibrated versions (in ambient space Rm+n) of [DLMS23, Lemma 8.5, Proposition 8.6,
Lemma 8.7, Proposition 8.8] are applicable to all the cones Sk, k ∈ {0, 1, . . . , κ̄}; note that
all the Sk are M -balanced by construction and that therefore δ∗ = δ∗(m,n,Q,M) > 0.
Subsequently, we fix a parameter τ = τ(m,n,Q,M) > 0 smaller than cδ∗ for the small constant
c = c(m,n,Q) > 0 determined by [DLMS23, Lemma 8.13] (with n̄ = n and Σ = Rm+n); note
that this constant remains completely unchanged in the setting herein.

We then fix the parameter δ̄ smaller than cτ for this same constant c; so δ̄ = δ̄(m,n,Q,M) > 0.
In particular, δ̄ ≤ δ∗. Finally, ε = ε(m,n,Q, δ∗, δ̄, τ) > 0 is determined in Proposition 14.5
below, and will be smaller than both cδ̄ for the same parameter c above, and the parameter ε of
[DLMS23, Lemma 8.7]. Note that ε is implicitly additionally dependent on the two parameters
σ, ς of Proposition 14.5, which are fixed arbitrarily. We assume that {Θ(T, ·) ≥ Q} ∩Bε(0) ̸= ∅
and suppose that

(14.3) E(T,S,B4) + Ω2−2δ3 ≤ ε2σ(S)2 ,

where E(T,S,B4) is defined as in Definition 12.4.

14.1. Whitney decomposition. We recall here the main aspects of the Whitney decomposition
of [DLMS23, Section 8.5.1] and the associated notation. We refer the reader therein for more
details, including figures illustrating the decomposition and associated regions in the ambient
space.

Let S = α1 ∪ · · · ∪ αN ∈ C (S). Let L0 be the closed cube in V = V (S) with side-length
2√
m−2

centered at 0 and let R be the rotationally invariant (around V ) region given by

(14.4) R := {p : pV (p) ∈ L0 and 0 < |pV ⊥(p)| ≤ 1} .

We recall here that we are assuming m ≥ 3 (cf. Assumption 2.1); note that this is the only
reason why such a restriction is necessary.

For every ℓ ∈ N denote by Gℓ the collection of (m− 2)-dimensional cubes in the spine V

obtained by subdividing L0 into 2ℓ(m−2) cubes of side-length 21−ℓ
√
m−2

, and we let G =
⋃

ℓ Gℓ.

We write L for a cube in G, so L ∈ Gℓ for some ℓ ∈ N. When we want to emphasize the
dependence of the integer ℓ on L we will write ℓ(L). We use the standard terminology parent,
child, ancestor, descendant to describe relations of cubes; see [DLMS23] for details. For every
L ∈ Gℓ we let

R(L) := {p : pV (p) ∈ L and 2−ℓ−1 ≤ |pV ⊥(p)| ≤ 2−ℓ} .

For each L ∈ Gℓ we let yL ∈ V be its center and denote by B(L) the ball B22−ℓ(L)(yL) (in
Rm+n) and by Bh(L) the set B(L) \ Bρ∗2−ℓ(L)(V ), where ρ∗ is as in [DLMS23, Lemma 8.7].
We identify three mutually dijoint subfamilies of cubes in G; outer cubes, central cubes and
inner cubes, defined precisely in [DLMS23, Definition 8.12]. These families of cubes will be
denoted by Go, Gc, and Gin, respectively. By construction, any cube L ∈ G is either an outer
cube, or a central cube, or an inner cube, or a descendant of inner cube. We in turn define
three subregions of R:
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• The outer region, denoted Ro, is the union of R(L) for L varying over elements of Go.
• The central region, denoted Rc, is the union of R(L) for L varying over elements of Gc.
• Finally, the inner region, denoted Rin, is the union of R(L) for L ranging over the
elements of G which are neither outer nor central cubes.

For every i ∈ {1, . . . , N} we further define

Ro
i :=

⋃
L∈Go

Li ≡ αi ∩
⋃

L∈Go

R(L)

and let Qi := QL0,i.
We refer the reader to [DLMS23, Lemma 8.10, Lemma 8.13] for key properties about the

Whitney cubes and the conical excess of T associated to each of them; the conclusions remain
unchanged herein.

Observe that the results of [DLMS23, Section 8.5.4] remain valid here also, with all instances
of A replaced by Ω1−δ3 in the estimates, given the conclusions of Theorem 13.2. In particular,
note that the choice of a(Q,m) is determined by [DLMS23, Lemma 8.7], with the proof and the
constant ρ∗(Q,m) remaining unchanged herein; namely, a(Q,m) = ρ∗

4 . Indeed, the compactness
procedure therein still yields a limiting area-minimizing current in this setting, since Ωk

converges to zero along the sequence, and thus we may proceed to exploit the monotonicity of
mass ratios in the same way. Since such a compactness will be exploited numerous times in the
following sections, we elaborate on it in the following remark, which we will refer back to.

Remark 14.4. We make a note on a procedure that will be often used in the rest of the
article. When proving some statements, for instance the crude splitting lemma building up to
Proposition 14.5 above and Proposition 15.2 below, we argue by contradiction. In particular,
we consider a sequence of currents Tk, semicalibrated by forms ωk, and extract a converging
subsequence limiting to a certain T∞, (a valid procedure under our standing hypothesis, e.g.
mass bounds on the Tk’s). As written, we have no hope to obtain further information on the
limit T∞. However, in all the statement we will prove, we will also have the corresponding Ωk

converging to zero, whence allowing us to deduce that T∞ is area-minimizing, and proceed as
in the relevant proofs of [DLMS23].

The final conclusion of the results in [DLMS23, Section 8], rewritten for a semicalibrated
current T is the following, which is the analogue of [DLMS23, Proposition 8.18 & Proposition
8.19].

Proposition 14.5 (Coherent outer approximation and final blowup). Let T , ω and
S = α1 ∪ · · · ∪ αN be as in Assumption 14.3. Then, for every σ, ς > 0 there are constants
C = C(m,n,Q, δ∗, τ, δ̄) > 0 and ε = ε(m,n,Q, δ∗, τ, δ̄, σ, ς) > 0 such that the following
properties hold.

(i) R \Bσ(V ) is contained in the outer region Ro.
(ii) There are Lipschitz multi-valued maps ui : R

o
i → AQi(α

⊥
i ) and closed subsets K̄i(L) ⊂ Li

satisfying

TL,i p−1
αi

(K̄i(L)) = Gui p−1
αi

(K̄i(L)) ∀L ∈ Go ,

as well as the estimates [DLMS23, Proposition 8.18, (8.49)-(8.51)], and

(14.5)

∫
Ri

|Dui|2 ≤ Cσ−2Ê(T,S,B4) + CΩ2−2δ3 ,

for Ri := (R \Bσ(V )) ∩ αi.
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(iii) If additionally Ω2−2δ3 ≤ ε2Ê(T,S,B4) and we set vi := Ê(T,S,B4)
−1/2ui, then there

is a map wi : Ri → AQi(α
⊥
i ) which is Dir-minimizing and such that

(14.6) dW 1,2(vi, wi) ≤ ς ,

where dW 1,2 is the W 1,2 distance between Q-valued maps; see for instance [DLS11] for
a definition.

Note that in order to obtain the conclusion (iii) of Proposition 14.5, we apply [DLSS18,
Theorem 3.1] in place of [DLS14, Theorem 2.6], which is used to establish this conclusion when
T is area-minimizing.

15. Cone balancing

In this section, we observe that all of the results of [DLMS23, Section 9] remain valid in the
case when T is semicalibrated, with all instances of A replaced with Ω1−δ3 . This is again due
to an application of the height bound from Lemma 13.10 when proving Proposition 15.1 below
assuming Proposition 15.2. For the convenience of the reader, and since it will be useful for
the succeeding sections, we provide the statements here. First of all, we recall the minimal
separation σ(S) (see (14.2)) between the planes within a given cone S = α1 ∪ · · · ∪ αN as
introduced in the preceding section, as well as the maximal separation

µ(S) := max
1≤i<j≤N

dist(αi ∩B1, αj ∩B1) .

Proposition 15.1 (Cone balancing). Assume that T and ω are as in Assumption 2.1,
S = α1 ∪ · · · ∪ αN ∈ C (Q). Then, there are constants M = M(Q,m, n) > 0 and ε0 =
ε0(Q,m, n) > 0 with the following property. Assume that

(15.1) Ω2−2δ3 ≤ ε20E(T,S,B1) ≤ ε40E
p(T,B1) .

Then there is a subset {i1, . . . , ik} ⊂ {1, . . . , N} with k ≥ 2 such that, upon setting S′ =
αi1 ∪ · · · ∪ αik , the following holds:

(a) S′ is M -balanced;
(b) E(T,S′,B1) ≤ ME(T,S,B1);
(c) dist2(S ∩B1,S

′ ∩B1) ≤ ME(T,S,B1);
(d) M−1Ep(T,B1) ≤ µ(S)2 = µ(S′)2 ≤ MEp(T,B1).

The proof of Proposition 15.1 reduces to the validity of the following proposition, by exactly
the same reasoning as that in [DLMS23, Section 9], given that the crude approximation
[DLMS23, Proposition 8.6] remains valid in this setting with A replaced by Ω2−2δ2 .

Proposition 15.2. Assume that T , ω, and S are as in Proposition 15.1. Then there are
constants C = C(m,n,N) and ε = ε(m,n,N) with the following property. If we additionally
have that

(15.2) N ≥ 2 and Ω2−2δ3 + E(T,S,B1) ≤ ε2σ(S)2 ,

then S is C-balanced.

To prove Proposition 15.2, one argues as in [DLMS23, Proof of Proposition 9.2], namely one
first proves a version of the proposition when µ(S) and σ(S) are comparable (see [DLMS23,
Proposition 9.3]) and arguing later by induction. The argument follows by contradiction,
assuming that the balancing assumption is failing along a sequence of semicalibrated currents
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Tk with associated semicalibration forms ωk and cones Sk. Note that we have Ω
2−2δ3
k ≤ ε2kσ(Sk)

with εk ↓ 0. Thus, we still obtain a limiting current T∞ that is area-minimizing (see Remark
14.4 for a similar argument) and supported in some S∞ ∈ C (Q) \ P in the non-collapsed
case, i.e. when up to subsequence we have limk→∞ σ(Sk) > 0. In light of the main result in
[Mor82] (see also [DLMS23, Lemma 7.5]), this contradicts the failure of balancing. Similarly,
in the collapsed case limk→∞ σ(Sk) = 0, the compactness argument in [DLMS23] still yields a
limiting Dir-minimizer (the domain of which depends on the case analysis therein), and thus
[DLMS23, Proposition 7.6] may be applied to contradict the failure of balancing.

16. Estimates at the spine

This section is dedicated to the nonconcentration estimates for T near the spine of S, much
analogous to those in [DLMS23, Section 11], but appearing first in a multiplicity one setting in
the seminal work [Sim93] of Simon. Our underlying assumption throughout this section will be
the following.

Assumption 16.1. Suppose T and ω are as in Assumption 2.1 and ∥T∥(B4) ≤ 4m(Q+ 1
2)ωm.

Suppose S = α1 ∪ · · · ∪ αN is a cone in C (Q) \ P which is M -balanced, where M ≥ 1 is
a given fixed constant, and let V denote the spine of S. For a sufficiently small constant
ε = ε(Q,m, n,M) smaller than the ε-threshold in Assumption 14.3, whose choice will be fixed
by the statements of Theorem 16.2, Corollary 16.4, and Proposition 16.6 below, suppose that

(16.1) E(T,S,B4) + Ω2−2δ3 ≤ ε2σ(S)2 .

Theorem 16.2 (Simon’s error and gradient estimates). Assume T , ω, and S are as in
Assumption 16.1, suppose that Θ(T, 0) ≥ Q, and set r = 1

3
√
m−2

. Then there is a constant

C = C(Q,m, n,M) > 0 and a choice of ε = ε(Q,m, n,M) > 0 in Assumption 16.1 sufficiently
small such that ∫

Br

|q⊥|2

|q|m+2
d∥T∥(q) ≤ C(Ω2−2δ3 + Ê(T,S,B4))(16.2) ∫

Br

|pV ◦ p⊥
T⃗
|2 d∥T∥ ≤ C(Ω2−2δ3 + Ê(T,S,B4)) .(16.3)

This is the analogue of [DLMS23, Theorem 11.2]. However, note that in order to get the
quadratic Ω error improvement in the estimates (16.2) and (16.3), we crucially exploit the
nature of the error in the first variation of T , and we recall the generalized mean curvature
estimate (13.8). This is very much analogous to the observation made in [Spo19, Remark 1.10]
in the case when T is area-minimizing, but since the main term on the right-hand side of (16.2)
and (16.3) is in terms of the conical excess of T rather than the tilt excess, we provide a sketch
proof, for the purpose of clarity.

Proof. For any 0 < s < ρ ≤ 4, we may test the first variation identity (2.3) for T with the

radial vector field η
( |p|

τ

)
p, where τ ∈ [s, ρ] and η is a smooth cut-off function that we take to

converge to the characteristic function on [0, 1], which yields the classical monotonicity formula
estimate (see e.g. [DL16, Theorem 3.8]). Now for any 0 < r < R < 4, let χ ∈ C∞([0,∞);R)
be monotone non-increasing with χ ≡ 1 on [0, r] and χ ≡ 0 on [R,∞). Taking s ↓ 0, exploiting
the hypothesis Θ(T, 0) ≥ Q, multiplying by ρm and differentiating in ρ, then multiplying by
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χ(ρ)2 and integrating over ρ ∈ [0, R], we obtain the estimate∫
Br

|q⊥|2

|q|m+2
d∥T∥(q) ≤ C

[∫
χ2(|q|) d∥T∥(q)−

∑
i

Qi

∫
αi

χ2(|q|) dHm(q)

]

+ C

∫
BR

|Γ(|q|)q⊥ · H⃗T (q)|
|q|m

d∥T∥(q) ,(16.4)

where C = C(m, r) > 0 and Γ is a suitable locally bounded function with ∥Γ∥L∞ ≤ C̄(Rm−rm)
for C̄ = C̄(m). See [DLMS23] for a more detailed computation. Combining this with the

elementary identity ab ≤ δa2

2 + b2

2δ for δ > 0 (to be determined) and the estimate (13.8), the
last term on the right-hand side can then be estimated as follows:∫

BR

|Γ(|q|)q⊥ · H⃗T (q)|
1

|q|m
d∥T∥(q) ≤ δ

2

∫
BR

|q⊥|2

|q|m+2
d∥T∥(q)

+ C(δ,m)rm∥H⃗T ∥2L∞

∫
BR

1

|q|m−2
d∥T∥(q)

≤ δ

2

∫
BR

|q⊥|2

|q|m+2
d∥T∥(q) + C(δ,m)Ω2 .(16.5)

Inserting this into (16.4), we obtain∫
Br

|q⊥|2

|q|m+2
d∥T∥(q) ≤ C

[∫
χ2(|q|) d∥T∥(q)−

∑
i

Qi

∫
αi

χ2(|q|) dHm(q)

]
︸ ︷︷ ︸

(I)

+ Cδ

∫
BR

|q⊥|2

|q|m+2
d∥T∥(q) + C(δ,m)Ω2 .(16.6)

Note that this is of the form [DLMS23, Proof of Theorem 11.2, (11.15)] but with A2 replaced
with Ω2, and the extra term on the right-hand side, which we will eventually absorb into the
left-hand side, but due to the domain being larger, this is slightly delicate and needs to be
done at the end. The remainder of the proof therein deals with estimating the term (I) above.
Observe that the estimate [DLMS23, (11.24)] may in fact be more precisely written as∫

χ2(|q|) d∥T∥(q)−
∑
i

Qi

∫
αi

χ2(|q|) dHm(q)

≤ C

∫
divT⃗X(q) d∥T∥(q) + C

∫
BR

|x⊥|2d∥T∥+
∫

χ(|q|)x · ∇V ⊥χ(|q|) d∥S∥(q)

−
∫

χ(|q|)pT⃗ (x) · ∇V ⊥χ(|q|) d∥T∥(q) ,(16.7)

for the vector field X(q) = χ(|q|)2p⊥
V (q) and S = spt(S). Thus, in order to follow the arguments

of [DLMS23] verbatim, it merely remains to verify that

(16.8)

∫
divT⃗ X(q) d∥T∥(q) ≤ δ̃

∫
BR

|q⊥|2

|q|m+2
d∥T∥(q) + C(δ̃)Ω2 ,

for δ̃ > 0 small enough such that, after combining (16.7) with (16.6), the first term on the
right-hand side of (16.7) may be reabsorbed into the left-hand side of (16.6).
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To see that (16.8) holds, we use the first variation of T to write

(16.9)

∫
divT⃗ X d∥T∥ = −

∫
X⊥ · H⃗T d∥T∥ ,

and argue as in (16.5) to obtain the estimate

(16.10)

∫
|X⊥ · H⃗T | d∥T∥ ≤ δ̃

∫
BR

|q⊥|2

|q|m+2
d∥T∥(q) + C(δ̃)∥H⃗T ∥2L∞

∫
BR

|q|m+2 d∥T∥(q) ,

from which (16.8) follows immediately. We may then use the estimates corresponding to those
in [DLMS23, Sections 11.1.2-11.1.4], for which we must use the semicalibrated analogues of the
relevant results in [DLMS23, Section 8] (with Σ = Rm+n and all occurrences of A replaced
with Ω1−δ3). The majority of such results were omitted in Section 14 herein for brevity, but
nevertheless hold true.

In summary, when combined with (16.6), we arrive at the final estimate∫
Br

|q⊥|2

|q|m+2
d∥T∥(q) ≤ CÊ(T,S,B4) + C(δ, δ̃,m)Ω2−2δ3

+ C(δ + δ̃)

∫
BR

|q⊥|2

|q|m+2
d∥T∥(q) .

Invoking, for instance, [HL11, Lemma 4.3], for δ, δ̃ sufficiently small (depending on Q,m, n),
we may indeed absorb the final term on the right-hand side above into the left-hand side,
concluding the proof. □

Remark 16.3. In the proof of Theorem 16.2, one can alternatively notice that the following
identity holds, for any vector field X ∈ C∞

c (Rm+n \ spt ∂T ;Rm+n):

(16.11) ⟨dω X, T⃗ ⟩ = ⟨dω,X ∧ T⃗ ⟩ = ⟨dω,X⊥ ∧ T⃗ ⟩,
where the first equality follows by definition of restriction, and where perpendicularity is with
respect to the approximate tangent space of T . In particular, this can be used in place of the
estimate (13.8) when establishing (16.5) and (16.8) above.

From Theorem 16.2, we further deduce the following, which corresponds to [DLMS23,
Corollary 11.3].

Corollary 16.4 (Simon’s non-concentration estimate). Assume T , ω, S and r are as
in Theorem 16.2. Then, there is a choice of ε = ε(Q,m, n,M) in Assumption 16.1, possibly
smaller than that in Theorem 16.2, such that for every κ ∈ (0,m+ 2),

(16.12)

∫
Br

dist2(q,S)

|q|m+2−κ
d∥T∥(q) ≤ Cκ(Ω

2−2δ3 + Ê(T,S,B4)) ,

where here Cκ = Cκ(Q,m, n,M, κ).

Corollary 16.4 follows immediately from the following lemma, combined with Theorem 16.2.

Lemma 16.5. Let T , ω and S be as in Assumption 16.1 with B1 ⊂ Ω and Θ(T, 0) ≥ Q. Then
we may choose ε sufficiently small in Assumption 16.1 such that for each κ ∈ (0,m+ 2) we
have

(16.13)

∫
B1

dist2(q,S)

|q|m+2−κ
d∥T∥(q) ≤ Cκ

∫
B1

|q⊥|2

|q|m+2
d∥T∥(q) + Cκ(Ê(T,S,B4) + Ω2) ,
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for some constant Cκ = Cκ(Q,m, n,M, κ) > 0.

Proof of Lemma 16.5. Fix κ ∈ (0,m+ 2). As in the proof of Theorem 16.2, we aim to follow
the reasoning of the area-minimizing counterpart [DLMS23, Lemma 11.6] of this lemma, which
we may indeed do, provided that we verify

(16.14)

∫
divT⃗X d∥T∥ ≤ δ

∫
B1

dist2(q,S)

|q|m+2−κ
d∥T∥(q) + C(δ)Ω2 ,

for the vector field

X(q) := dist2(q,S)(max{r, |q|}−m−2+κ − 1)+q ,

supported in B1 (and constant on Br). To see the validity of (16.14), we simply exploit the
first variation identity (16.9) and an estimate analogous to (16.10) to obtain∫

|X⊥ · H⃗T | d∥T∥ ≤ δ

∫
B1

dist2(q,S)

|q|m+2−κ
d∥T∥(q) + C(δ)Ω2

∫
B1

dist2(q,S)|q⊥|2 d∥T∥(q) .

□

Finally we have the following shifted estimates around a given point of high multiplicity (cf.
[DLMS23, Proposition 11.4]).

Proposition 16.6 (Simon’s shift inequality). Assume T , ω, and S are as in Assumption
16.1 and in addition {Θ(T, ·) ≥ Q} ∩Bε(0) ̸= ∅. Then there is a radius r = r(Q,m, n) and a
choice of ε = ε(Q,m, n,M) in Assumption 16.1, possibly smaller than those in Theorem 16.2 and
Corollary 16.4, such that for each κ ∈ (0,m+2), there are constants C̄κ = C̄κ(Q,m, n,M, κ) > 0
and C = C(Q,m, n,M) such that the following holds. If q0 ∈ Br(0) and Θ(T, q0) ≥ Q, then∫

B4r(q0)

dist2(q, q0 + S)

|q − q0|m+2−κ
d∥T∥(q) ≤ C̄κ(Ω

2−2δ3 + Ê(T,S,B4)) .(16.15)

|p⊥
α1
(q0)|2 + µ(S)2|pV ⊥∩α1

(q0)|2 ≤ C(Ω2−2δ3 + Ê(T,S,B4)) .(16.16)

The proof of Proposition 16.6 is entirely analogous to that of [DLMS23, Proposition 11.4],
again recalling that the variant of [DLMS23, Proposition 8.14] herein has Ω1−δ3 in place of
each instance of A.

17. Final blow-up and conclusion

We are now in a position to outline how to conclude the validity of Theorem 12.5, given
everything in the preceding sections of this part.

We begin with the following weaker conical excess decay result (see [DLMS23, Theorem
10.2]), whose validity implies that of Theorem 12.5.

Theorem 17.1 (Weak Excess Decay Theorem). Fix Q,m, n as before, and let M ≥ 1 be as
in Proposition 15.1. Fix also ς1 > 0. Then, there are constants ε1 = ε1(Q,m, n, ς1) ∈ (0, 1/2],
r11 = r11(Q,m, n, ς1) ∈ (0, 1/2] and r21 = r21(Q,m, n, ς1) ∈ (0, 1/2], such that the following holds.
Suppose that

(i) T and Σ are as in Assumption 2.1;
(ii) ∥T∥(B1) ≤ (Q+ 1

2)ωm;
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(iii) There is S ∈ C (Q) which is M -balanced, such that

(17.1) E(T,S,B1) ≤ ε21σ(S)
2

and

(17.2) Bε1(ξ) ∩ {p : Θ(T, p)≥ Q} ≠ ∅ ∀ξ ∈ V (S) ∩B1/2 ;

(iv) Ω2−2δ3 ≤ ε21E(T, S̃,B1) for every S̃ ∈ C (Q).

Then, there is S′ ∈ C (Q) \ P such that for some i ∈ {1, 2} we have

(17.3) E(T,S′,Bri1
) ≤ ς1E(T,S,B1) .

To prove that if 17.1 holds, then Theorem 12.5 holds, one may proceed exactly as in
[DLMS23, Section 10]. Indeed, the argument remains unchanged, after replacing A with Ω1−δ3

everywhere.
It thus remains to demonstrate that Theorem 17.1 holds. With this in mind, we show decay

at one of two possible radii as stated therein by considering two possible cases for the cone
S ∈ C (Q); collapsed and non-collapsed.

Proposition 17.2 (Collapsed decay). For every Q,m, n and ς1 > 0 there are positive
constants εc = εc(Q,m, n, ς1) ≤ 1/2 and rc = rc(Q,m, n, ς1) ≤ 1/2 with the following property.
Assume that

(i) T and ω are as in Assumption 2.1, and ∥T∥(B1) ≤ ωm(Q+ 1
2);

(ii) There is a cone S ∈ C (Q) which is M -balanced (with M as in Proposition 15.1), such
that (17.1) and (17.2) hold with εc in place of ε1, and in addition µ(S) ≤ εc;

(iii) Ω2−2δ3 ≤ ε2cE(T, S̃,B1) for every S̃ ∈ C (Q).

Then, there is another cone S′ ∈ C (Q) \ P such that

(17.4) E(T,S′,Brc) ≤ ς1E(T,S,B1) .

Proposition 17.3 (Non-collapsed decay). For every Q,m, n, ε⋆c > 0 and ς1 > 0, there are
positive constants εnc = εnc(Q,m, n, ε⋆c , ς1) ≤ 1/2 and rnc = rnc(Q,m, n, ε⋆c , ς1) ≤ 1

2 with the
following property. Assume that

(i) T and ω are as in Assumption 2.1 and ∥T∥(B1) ≤ ωm(Q+ 1
2);

(ii) There is S ∈ C (Q) which is M-balanced (with M as in Proposition 15.1), such that
(17.1) and (17.2) hold with εnc in place of ε1 and in addition µ(S) ≥ ε⋆c ;

(iii) Ω2−2δ3 ≤ ε2ncE(T, S̃,B1) for every S̃ ∈ C (Q).

Then, there is another cone S′ ∈ C (Q) \ P such that

(17.5) E(T,S′,Brnc) ≤ ς1E(T,S,B1) .

Since the proofs of Proposition 17.2 and Proposition 17.3 exploit the results of Sections
13-16 in the same way as their counterparts in [DLMS23], we will merely provide a brief outline
of the argument here.

We will argue by contradiction in both the collapsed and the non-collapsed case. Namely,
we suppose that we have a sequence of currents Tk, corresponding semicalibrations ωk and

cones Sk ∈ C (Q) satisfying the hypotheses of either Proposition 17.2 with ε
(k)
c = 1

k → 0 or

Proposition 17.3 for some fixed ε⋆c > 0 but ε
(k)
nc = 1

k → 0, but such that the respective decay
conclusions (17.4), (17.5) fail for any possible choice of radii rc, rnc.
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In particular,

(17.6)

(
Ω2−2δ3

E(Tk,Sk,B1)
+

E(Tk,Sk,B1)

σ(Sk)2

)
→ 0 .

For the non-collapsed case, we recall the coherent outer approximations uki of Proposition
14.5. Meanwhile, in the collapsed case, we introduce transverse coherent approximations
as in [DLMS23, Proposition 13.4] as follows. Up to extracting a subsequence, we may
write Sk = α1 ∪ · · · ∪ αk

N for α1 and N fixed, and write each plane αk
i as the graph of a

linear map Ak
i : α1 → α⊥

1 . We may in addition reparameterize uki over α1 to obtain a map

vki : R̃o
1 → AQk

i
(α⊥

1 ) whose graph coincides with that of uki over p−1
α1

(R̃o
1), where R̃

o
1 is a suitable

graphicality region, defined rigorously in [DLMS23, Proposition 13.4]. The transverse coherent
approximations are then defined to be the collection of maps

wk
i := vki ⊖Ak

i : R̃o
1 → AQk

i
(α⊥

1 ) , i = 1, . . . , N ,

where we use the notational shorthand g ⊖ f for the multivalued map
∑

iJgi − fK. Observe

that the estimates of [DLMS23, Proposition 13.4], with Ak replaced by Ω1−δ3
k , are valid for Ak

i ,

vki and wk
i . Furthermore, the nonconcentration estimates [DLMS23, Proposition 13.7] hold,

again with Ω1−δ3
k in place of Ak in the errors.

We in turn define the normalizations

ūki :=
uki√

E(Tk,Sk,B1)

w̄k
i :=

wk
i√

E(Tk,Sk,B1)
,

on (Br̄ ∩ αk
i ) \B1/k(V ) and (Br̄ ∩ α1) \B1/k(V ) respectively, for r̄ := r

4 with r = r(Q,m, n) as

in Proposition 16.6 (which we may assume is contained in the domains of definition for uki
and wk

i ). Arguing as in [DLMS23], we may then assume that, up to subsequence, ūki and w̄k
i

converge strongly in W 1,2 locally away from V and strongly in L2 on the entirety of Br to
W 1,2 maps ūi and w̄i that are Dir-minimizing on (Br̄ ∩αk

i ) \ V and (Br̄ ∩α1) \ V , and since V
has capacity zero, they are in fact Dir-minimizing on (Br̄ ∩ αk

i ) and (Br̄ ∩ α1) respectively.
Moreover, the conclusions of [DLMS23, Proposition 13.8] are satisfied. Exploiting [DLMS23,
Theorem 12.2] and proceeding as in [DLMS23, Section 13.5] to propagate this decay (up to
subtracting an appropriate superposition of linear maps), we arrive at the desired contradiction.

Part 4. Failure of monotonicity for semicalibrated intrinsic planar frequency

The aim of this last part is to provide a simple example of a semicalibrated current with
good decay properties towards a flat tangent plane, but that does not exhibit an almost
monotone planar frequency function as introduced in [KW23b]. This therefore illustrates a
difference between the present approach to Theorem 1.2 when compared to trying to adapt the
corresponding one in [KW23b], which we have been unable to adapt to the semicalibrated
setting. En route to this, we will point out some differences between the setting herein and the
area-minimizing one.
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18. Planar Frequency Function

We begin by introducing the analogue of the intrinsic planar frequency function of [KW23b]
for a semicalibrated current T . Let z ∈ Rn+m, let π ⊂ Rm+n be an m-dimensional plane and
let ρ0 > 0.

We will henceforth work under the following assumption.

Assumption 18.1. Let ρ0 > 0. Suppose that T is a semicalibrated rectifiable current in
Cρ0(z, π) satisfying

(18.1) ∂T Cρ0(z, π) = 0, and sup
p∈sptT∩Cρ0 (z,π)

dist(p, π + z) < ∞.

Let ϕ : [0,∞) → [0, 1] be the monotone Lipschitz cutoff function defined in (2.8). For
r ∈ (0, ρ0], we can define the intrinsic L2 height of T at scale r around z with respect to the
plane π to be

(18.2) HT,π,z(r) :=
2

rm−1

∫
Cr(z,π)\Cr/2(z,π)

dist2(p, π + z)
|∇T⃗ |pπ(p− z)||2

|pπ(p− z)|
d∥T∥(p) ,

Note that (18.2) can be rewritten as

(18.3) HT,π,z(r) = − 1

rm−1

∫
dist2(p, π + z)

|∇T⃗ |pπ(p− z)||2

|pπ(p− z)|
ϕ′
(
|pπ(p− z)|

r

)
d∥T∥(p) .

Furthermore, we can introduce the intrinsic Dirichlet energy of T at scale r around z with
respect to the plane π as

(18.4) DT,π,z(r) :=
1

2rm−2

∫
|pT (p)− pπ(p)|2ϕ

(
|pπ(p− z)|

r

)
d∥T∥(p) .

Note that DT,π,z(r) may be considered as a regularization of the non-oriented tilt excess of
T in the cylinder Cr(z, π), cf. (13.6). Pertinent to our setting, we define the corresponding
intrinsic semicalibrated term

(18.5) LT,π,z(r) :=
1

2rm−2

∫
T (dω pπ⊥(p))ϕ

(
|pπ(p− z)|

r

)
d∥T∥(p)

and

(18.6) ΓT,π,z(r) := DT,π,z(r) + LT,π,z(r).

Notice that the additional term T (dω pπ⊥(p)) above arises from testing the first variation

of T with the variation vector field X(p) = ϕ
(
|pπ(p−z)|

r

)
pπ⊥(p); see [Spo19, Section 7]. In

analogy with [KW23b, Section 3], whenever HT,π,z(r) > 0, we may define the intrinsic planar
frequency function NT,π,z(r) of T at Z relative to P by

(18.7) NT,π,z(r) =
ΓT,π,z(r)

HT,π,z(r)
.

Note that when T is calibrated (and in particular area-minimizing), i.e. when dω ≡ 0, the
above frequency indeed reduces to the one introduced in [KW23b] for area-minimizing currents.
In [KW23b], it is shown that the intrinsic planar frequency associated to area-minimizing
integral currents is almost-monotone under a suitable decay hypothesis (see Section 18.2 below
for a more precise statement), thus laying the foundation for a more refined analysis of the
singular set of area-minimizers.
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The main result of this part is the following.

Theorem 18.2. There exists a smooth, radially symmetric function f : B1 ⊂ π ≡ Rm×{0} → R
such that the associated semicalibrated current Gf has the property

NT,π,0(r) → +∞ as r ↓ 0.

Namely, we provide the construction of an example that not only violates almost-monotonicity
of the intrinsic planar frequency function in the semicalibrated setting, but allows for it to
diverge to +∞ as the scale goes to zero. Before we proceed with the construction, let us
provide a more detailed heuristic explanation, together with a comparison with what happens
in the area-minimizing setting.

18.1. Comparison with Proposition 4.4. One may consider the statement of Proposition
4.4 as a conclusion that a posteriori, one does not require center manifolds to take blow ups at
points x ∈ FQ(T ) with singularity degree I(T, x) ∈ [1, 2− δ2) (and indeed, this is the case in
the work [KW23b] when the planar frequency is in [1, 2)). This suggests that one may possibly
use a planar frequency function like NT,π,z (in place of a frequency relative to center manifolds)
to analyze such points. This is not inconsistent with the validity of Theorem 18.2. Indeed, in
the latter, the smooth submanifold graph(f) coincides with the center manifold associated to
T = Gf locally around the origin. On the other hand, our choice of f will have infinite order
of vanishing at the origin, which corresponds to blow-up of the planar frequency function
there. Note, however, that 0 is not a flat singular point of Gf in this case; in fact Gf has
no singularities. For the same reason, no single-sheeted example will be inconsistent with
the validity of Proposition 4.4. However, since it is not clear how to meaningfully restrict
the notion of intrinsic planar frequency to such a specific scenario in order to improve its
properties, we do not pursue this any further.

18.2. Comparison with [KW23b]. The area-minimizing hypothesis is crucially used in
[KW23b] to control the error terms arising when differentiating HT,π,z, and DT,π,z, which in
turn produce errors for the radial derivative of NT,π,z. More precisely, the area-minimizing
property of T is exploited therein to infer the following bounds, cf. Lemma 3.9 and Lemma
3.11 of loc. cit.,∣∣∣∣H ′

T,π,z(r) + 2r−m

∫ ∣∣∣∇⊥|pπ(p− z)|
∣∣∣2 |pπ(p− z)|ϕ′

(
|pπ(p− z)|

r

)
d∥T∥(p)

∣∣∣∣(18.8)

≤ Cη2γr2αγ−1HT,π,z(r) ,

where ∇⊥ ≡ ∇⊥
T , and∣∣∣∣∣D′

T,π,z(r) + 2r−m

∫ ∣∣p⊥
π (∇T |pπ(p− z)|)

∣∣2∣∣∇T |pπ(p− z)|
∣∣2 |pπ(p− z)|ϕ′

(
|pπ(p− z)|

r

)
d∥T∥(p)

∣∣∣∣∣
≤ C

r
DT,π,z(r)

γ
(
(m− 1)DT,π,z(r) + rD′

T,π,z(r)
)
,

(18.9)

for some γ = γ(Q,m, n) > 0 and C = C(Q,m, n) > 0, whenever T as in Assumption 18.1
satisfies the mass ratio bounds

Θ(T, z) ≥ Q, ∥T∥(C7ρ0/4(z, π)) ≤ (Q+ δ)ωm

(
7ρ0
4

)m

,
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for some δ = δ(Q,m, n) > 0 and the additional planar decay hypothesis

(18.10)
1

ωm(7s/4)m+2

∫
C7s/4(z,π)

dist2(p, π + z) d∥T∥(p) ≤ η2
(

s

ρ0

)2α

∀s ∈ [σ0, ρ0] ,

for some σ0 ∈ (0, ρ0), some η0 = η0(Q,m, n) > 0 and η ∈ (0, η0].
The estimates (18.8) and (18.9), together with the variational identities for HT,π,z, DT,π,z,

in turn can be used to prove the almost-monotonicity

NT,π,z(r) ≤ eCηγ(s/ρ0)αγ
NT,π,z(s) ∀σ0 ≤ r < s ≤ ρ0 ,

of the intrinsic planar frequency function in the area-minimizing case, provided that HT,π,z(τ) >
0 on [r, s]. The first challenge when trying to adapt this argument to the semicalibrated
setting is that the terms H ′

T,π,z and D′
T,π,z will now contain extra errors depending on the

semicalibration dω (due the fact that the first variation of a semicalibrated current has a
non-vanishing right-hand side). Moreover, one must additionally consider the behavior of
L′
T,π,z when controlling the variational error terms. Complications arise when one tries to

bound all of these error terms by powers of the intrinsic Dirichlet energy and L2 height, as in
(18.8) and (18.9).

19. Proof of Theorem 18.2

We are now in a position to construct a counterexample to the almost-monotonicity of the
intrinsic planar frequency NT,π,0 associated to a semicalibrated current T = Gf associated to
the graph of a smooth radially symmetric function f relative to the plane π ≡ Rm×{0} ⊂ Rm+1,
as claimed in Theorem 18.2.

To this end, consider f ∈ C∞(B1), where B1 ⊂ Rm × {0} ⊂ Rm+1. Consider then the graph
of f as a submanifold of Rm+1:

graph(f) = {(x, f(x)); x ∈ B1}.

We claim that graph(f) is a semicalibrated submanifold of Rm+1. Indeed, consider the unit
normal to graph(f) given by

νx =
1√

1 + |∇f(x)|2
(−∇f(x), 1),

and define the m-form ω(X1, . . . , Xm) = det(X1, . . . , Xm, ν) for vectors X1, . . . , Xm. It is then
straightforward to check that |ω(Z1, . . . , Zm)| ≤ 1 for unit vectors Z1, . . . , Zm. Furthermore,
we have that ω(Y1, . . . , Ym) = 1, if Yi are orthonormal vectors belonging to T(x,f(x)) graph(f),

so that the submanifold graph(f) ⊂ Rm+1 is semicalibrated. In particular, the current T = Gf

associated to it (see e.g. [DLS14, DLS15]) is also semicalibrated. From this, it is clear that not
every semicalibrated current can have an almost-monotone planar frequency function. We will
however provide a natural example to illustrate the blow-up of planar frequency. We recall
the quantities DT,π,0(r), HT,π,0(r), and LT,π,z(r) introduced in the preceding section for this
particular choice of T , with π ≡ Rm × {0}.

19.1. Intrinsic quantities for a graph. We start by unpacking the definitions of intrinsic
Dirichlet energy, L2 height, and the semicalibrated term in the case where T = Gf for f as
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above; we will define f later. Let us begin with the energy DT,π,0(r). The projection matrix
associated with π is given by

pπ =

(
Idm×m 0

0 0

)
,

while the projection matrix for the tangent space T(x,f(x)) graph(f) is

pT(x,f(x)) graph(f) = Id(m+1)×(m+1)−νx ⊗ νx

In particular, we can compute

1

2
|pT(x,f(x)) graph(f) − pπ|2 = 1− (pT(x,f(x)) graph(f) : pπ) =

|∇f |2

1 + |∇f |2
,

where A : B denotes the Hilbert-Schmidt inner product between matrices A,B, so that

DT,π,0(r) = r2−m

∫
ϕ

(
|x|
r

)
|∇f(x)|2

1 + |∇f(x)|2
d∥T∥(x, f(x)) .

Letting ϕ converge to the characteristic function of the unit interval from below, and recalling
the area formula for a graph, we obtain

DT,π,0(r) = r2−m

∫
Br

|∇f |2√
1 + |∇f |2

dLm.(19.1)

We can now turn to the height HT,π,0(r). Write

HT,π,0(r) = −r1−m

∫
|f(x)|2 |∇T |x||2

|x|
ϕ′
(
|x|
r

)
d∥T∥(x, f(x)),

and, after recalling ∇r = (x,0)
|x| , we can compute

|∇T |x||2 = |pT(x,f(x)) graph(f)(∇|x|)|2 = 1 + |∇θf |2

1 + |∇f |2
,

where ∇θ denotes the angular part of the gradient. Thus, after letting ϕ converge to the
characteristic function of the unit interval, we infer

HT,π,0(r) = r1−m

∫
∂Bρ(0)

|f |2 1 + |∇θf |2√
1 + |∇f |2

dHm−1.(19.2)

Finally, we rewrite the definition of the semicalibrated term

LT,π,0(r) =
1

2rm−2

∫
⟨dω (0, y), T⃗ ⟩ϕ

(
|x|
r

)
d∥T∥(x, y),

where we write Rm+1 ∋ p = (x, y) ∈ π × π⊥. Letting ϕ converge to the characteristic function
of the unit interval and again using the area formula, we obtain

(19.3) LT,π,0(r) =
1

2rm−2

∫
Br

⟨dω (0, . . . , 0, f), T⃗ ⟩
√
1 + |∇f |2 dLm ,

where T⃗ (x) is the m-vector τ1∧ . . .∧ τm, for {τi}i a basis of the tangent space T(x,f(x)) graph(f).
Note that here we have also used that in this particular setting, pπ⊥(x, y) = (0, . . . , 0, f(x)).
Note that

τi =
ei + (∇f · ei)em+1√

1 + (∇f · ei)2
,
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for i ∈ {1, . . . ,m}, where {ei}i is a basis of Rm+1. The (m+ 1)-form dω is given by

dω = (−1)m div

(
∇f√

1 + |∇f |2

)
dx1 ∧ dx2 ∧ . . . ∧ dxm+1 .

Note that one can alternatively use Cartan’s magic formula to arrive at the same final expression
for dω. Then,

(0, . . . , 0, f) ∧ T⃗ = (fem+1) ∧ τ1 ∧ . . . ∧ τm =
(−1)mf

Πm
i=1

√
1 + (∇f · ei)2

e1 ∧ e2 ∧ . . . ∧ em+1,

so that

⟨dω (0, . . . , 0, f), T⃗ ⟩ = div

(
∇f√

1 + |∇f |2

)
f

Πm
i=1

√
1 + (∇f · ei)2

Thus, the semicalibrated term is

(19.4) LT,π,0(r) =
1

2rm−2

∫
Br

div

(
∇f√

1 + |∇f |2

)
f

Πm
i=1

√
1 + (∇f · ei)2

√
1 + |∇f |2 dLm .

19.2. Definition of f . We are now in a position to define our radially symmetric function.
Let f given by

f(x) =

{
e−1/|x|2 x ̸= 0

0 x = 0 .

Note that ∇f(0) = 0 and that f is indeed radially symmetric, so that introducing polar

coordinates we can write (abusing notation) f(r) = e−1/r2 , for r ≥ 0. By the argument at
the beginning of this section, the current T = Gf associated to the graph of this function is
semicalibrated. Furthermore, note that the hypothesis of [KW23b, Theorem 3.4] are satisfied.
More precisely, let ρ0 > 0, and consider T C7ρ0/4(0, π) for π = Rm×{0} ⊂ Rm+1. In particular,
Θ(T, 0) = 1, and the almost-monotonicity of mass ratios (see e.g. [DLSS17b, Proposition 2.1])
guarantees that ∥T∥(C7ρ0/4(0, π)) ≤ (1 + δ)ωm(7ρ0/4)

m for ρ0 sufficiently small, where δ is
the parameter of [KW23b, Theorem 3.4]. In addition, thanks to the exponential decay of f
towards 0, there exist η > 0, σ0 ∈ (0, ρ0), and α ∈ (0, 1) such that the decay hypothesis (18.10)
holds about the origin, namely

1

ωm(7s/4)m+2

∫
C7s/4(0,π)

dist2(p, π) d∥T∥(p) ≤ η2
(

s

ρ0

)2α

,

for all ρ ∈ [σ0, ρ0]. Consider now the planar frequency function NT,π,0 and use (19.1) and
(19.2) to write the energy and the height for this particular function:

DT,π,0(ρ) = ρ2−mωm−1

∫ ρ

0

4e−2/r2r−6√
1 + 4e−2/r2r−6

rm−1 dr ,

and

HT,π,0(ρ) = ωm−1
e−2/ρ2√

1 + 4e−2/ρ2ρ−6
.
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Note that HT,π,0(ρ) > 0 for all ρ > 0, implying that NT,π,0 is always well-defined. Thus, for
any ρ > 0 sufficiently small, the classical planar frequency function can be estimated from
below as follows:

DT,π,0(ρ)

HT,π,0(ρ)
= e2/ρ

2
√
1 + 4e−2/ρ2ρ−6ρ2−m

∫ ρ

0

4e−2/r2r−6√
1 + 4e−2/r2r−6

rm−1 dr

= ρ−1−me1/ρ
2
√
e2/ρ2ρ6 + 4

∫ ρ

0

4e−1/r2r−3√
4 + e2/r2r6

rm−1 dr

≥ Cρ2−me2/ρ
2

∫ ρ

0
e−2/r2rm−7 dr

≥ Cρ2−me2/ρ
2
2m/2−4Γ

(
3− m

2
,
2

ρ2

)
,

where Γ(s, x) is the incomplete gamma function

Γ(s, x) =

∫ ∞

x
ts−1e−t dt.

Recalling now the asymptotic Γ(s, x)x−s+1ex → 1, as x → ∞, we deduce that

NT,π,0(ρ) ≥
C

ρ2

(
Γ

(
3− m

2
,
2

ρ2

)
e2/ρ

2

(
2

ρ2

)1+m/2−3
)

=:
1

ρ2
η(ρ),

where η(ρ) → 1 as ρ → 0, which yields

DT,π,0(ρ)

HT,π,0(ρ)
→ ∞ as ρ → 0 ,

as desired. We now wish to compute the semicalibrated term in the intrinsic planar frequency,
namely LT,π,0(ρ)/HT,π,0(ρ). We record the minimal surface equation for a radial function on
Rm:

div

(
∇f√

1 + |∇f |2

)
=

1√
1 + (f ′)2

(
f ′′

1 + (f ′)2
+

m− 1

r
f ′
)
.

Thus, we can estimate

LT,P,0(ρ)

HT,P,0(ρ)
=

e1/ρ
2

ρm+1

√
e2/ρ2ρ6 + 4

∫ ρ

0

rm−1e−2/r2
√
1 + (f ′(r))2

Πm
i=1

√
1 + (∇f · ei)2

[
2(m− 1)

r4
+

4− 6r2

r6 + 4e−2/r2

]
dr

≥ Ce1/ρ
2

ρm+1

√
e2/ρ2ρ6 + 4

∫ ρ

0
rm−1e−2/r2

[
2(m− 1)

r4
+

4− 6r2

r6 + 4e−2/r2

]
dr.

Splitting then the square bracket and analyzing the two integrands separately via the incomplete
Gamma function again, one deduces that LT,π,0(ρ)/HT,π,0(ρ) also diverges as ρ → 0.

References

[Alm00] Frederick J Almgren, Almgren’s big regularity paper: Q-valued functions minimizing dirichlet’s
integral and the regularity of area-minimizing rectifiable currents up to codimension 2, vol. 1,
World scientific, 2000. (Cited on page 2.)

[Bel14] Costante Bellettini, Uniqueness of tangent cones to positive-(p, p) integral cycles, Duke Mathe-
matical Journal 163 (2014), no. 4, 705–732. (Cited on page 2.)



SINGULARITIES AND TANGENT CONES FOR SEMICALIBRATED CURRENTS 57

[BR12] Costante Bellettini and Tristan Rivière, The regularity of special Legendrian integral cycles, Ann.
Sc. Norm. Super. Pisa Cl. Sci. (5) 11 (2012), no. 1, 61–142. MR 2953045 (Cited on page 2.)

[CR23] Riccardo Caniato and Tristan Rivière, The unique tangent cone property for weakly holomorphic
maps into projective algebraic varieties, Duke Mathematical Journal 172 (2023), no. 13, 2471–2536.
(Cited on page 2.)

[CS] Gianmarco Caldini and Anna Skorobogatova, Forthcoming. (Cited on page 4.)
[DIW21] Aleksander Doan, Eleny-Nicoleta Ionel, and Thomas Walpuski, The gopakumar-vafa finiteness

conjecture, 2021. (Cited on page 3.)
[DL16] Camillo De Lellis, The size of the singular set of area-minimizing currents, Surveys in differential

geometry 2016. Advances in geometry and mathematical physics, Surv. Differ. Geom., vol. 21,
Int. Press, Somerville, MA, 2016, pp. 1–83. MR 3525093 (Cited on pages 12 and 45.)

[DL18] , Allard’s interior regularity theorem: an invitation to stationary varifolds, Nonlinear
analysis in geometry and applied mathematics. Part 2, Harv. Univ. Cent. Math. Sci. Appl. Ser.
Math., vol. 2, Int. Press, Somerville, MA, 2018, pp. 23–49. (Cited on page 37.)

[DLDPHM23] Camillo De Lellis, Guido De Philippis, Jonas Hirsch, and Annalisa Massaccesi, On the boundary
behavior of mass-minimizing integral currents, Mem. Amer. Math. Soc. 291 (2023), no. 1446,
v+166. MR 4672045 (Cited on page 17.)

[DLF23] Camillo De Lellis and Ian Fleschler, An elementary rectifiability lemma and some applications,
2023. (Cited on page 33.)

[DLHMS20] Camillo De Lellis, Jonas Hirsch, Andrea Marchese, and Salvatore Stuvard, Regularity of area
minimizing currents mod p, Geometric and Functional Analysis 30 (2020), no. 5, 1224–1336.
(Cited on pages 36 and 37.)

[DLMS23] Camillo De Lellis, Paul Minter, and Anna Skorobogatova, The fine structure of the singular set of
area-minimizing integral currents III: Frequency 1 flat singular points and Hm−2-a.e. uniqueness
of tangent cones, arXiv preprint (2023). (Cited on pages 1, 3, 4, 9, 33, 34, 35, 36, 37, 38, 39, 40,
41, 42, 43, 44, 45, 46, 47, 48, 49, and 50.)

[DLMSV18] Camillo De Lellis, Andrea Marchese, Emanuele Spadaro, and Daniele Valtorta, Rectifiability and
upper Minkowski bounds for singularities of harmonic Q-valued maps, Comment. Math. Helv. 93
(2018), no. 4, 737–779. MR 3880226 (Cited on page 32.)

[DLS11] Camillo De Lellis and Emanuele Spadaro, q-valued functions revisited, Mem. Amer. Math. Soc.
211 (2011), no. 991, vi+79. (Cited on pages 2, 5, 7, and 44.)

[DLS14] , Regularity of area minimizing currents i: gradient lp estimates, Geometric and Functional
Analysis 24 (2014), no. 6, 1831–1884. (Cited on pages 10, 13, 17, 18, 22, 41, 44, and 53.)

[DLS15] , Multiple valued functions and integral currents, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5)
14 (2015), no. 4, 1239–1269. (Cited on pages 13 and 53.)

[DLS16a] , Regularity of area minimizing currents ii: center manifold, annals of Mathematics (2016),
499–575. (Cited on pages 2, 7, 10, 13, 14, 18, 20, 36, and 37.)

[DLS16b] , Regularity of area minimizing currents iii: blow-up, annals of Mathematics (2016),
577–617. (Cited on pages 2, 6, 7, 10, 16, and 17.)

[DLS23a] Camillo De Lellis and Anna Skorobogatova, The fine structure of the singular set of area-
minimizing integral currents i: the singularity degree of flat singular points, arXiv preprint (2023).
(Cited on pages 1, 3, 4, 8, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 25, 27, and 30.)

[DLS23b] , The fine structure of the singular set of area-minimizing integral currents ii: rectifiability
of flat singular points with singularity degree larger than 1, to appear in Commentarii Mathematici
Helvetici (2023). (Cited on pages 1, 3, 4, 9, 23, 27, 30, 32, and 33.)

[DLSS17a] Camillo De Lellis, Emanuele Spadaro, and Luca Spolaor, Regularity theory for 2-dimensional
almost minimal currents ii: branched center manifold, Annals of PDE 3 (2017), 1–85. (Cited on
pages 2 and 4.)

[DLSS17b] , Uniqueness of tangent cones for two-dimensional almost-minimizing currents, Communi-
cations on Pure and Applied Mathematics 70 (2017), no. 7, 1402–1421. (Cited on pages 2, 12, 38,
and 55.)

[DLSS18] , Regularity theory for 2-dimensional almost minimal currents i: Lipschitz approximation,
Transactions of the American Mathematical Society 370 (2018), no. 3, 1783–1801. (Cited on
pages 2, 4, 5, 6, 11, 12, 18, 19, 22, 37, 38, 39, 40, 41, and 44.)



58 PAUL MINTER, DAVIDE PARISE, ANNA SKOROBOGATOVA, AND LUCA SPOLAOR

[DLSS20] , Regularity theory for 2-dimensional almost minimal currents iii: Blowup, Journal of
Differential Geometry 116 (2020), no. 1, 125–185. (Cited on pages 2 and 4.)

[DW21] Aleksander Doan and Thomas Walpuski, Castelnuovo’s bound and rigidity in almost complex
geometry, Adv. Math. 379 (2021), Paper No. 107550, 23. MR 4199270 (Cited on page 3.)

[GPT99] J. Gutowski, G Papadopoulos, and P. K. Townsend, Supersymmetry and generalized calibrations,
Phys. Rev. D (3) 60(10):106006, 11 (1999). (Cited on page 3.)

[Gra06] Mariana Grana, Flux compactifications in string theory: a comprehensive review, Phys. Rep.
423(3) (2006), 91–158. (Cited on page 3.)

[GS23] Max Goering and Anna Skorobogatova, Flat interior singularities for area almost-minimizing
currents, 2023. (Cited on page 2.)

[Gut01] Jan. Gutowski, Generalized calibrations, In Progress in string theory and M-theory (Carg‘ese,
1999) volume 564 of NATO Sci. Ser. C Math. Phys. Sci. (2001), 343–346. (Cited on
page 3.)

[HL82] Reese Harvey and H. Blaine Lawson, Jr., Calibrated geometries, Acta Math. 148 (1982), 47–157.
MR 666108 (Cited on page 3.)

[HL11] Q. Han and F. Lin, Elliptic partial differential equations, Courant lecture notes in mathematics,
Courant Institute of Mathematical Sciences, New York University, 2011. (Cited on page 47.)
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